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ABSTRACT
Inflation, an accelerated phase of the early universe, has now become an integral
part of the standard model of cosmology as it can explain homogeneity of the Universe
at large scales, the origin of primordial perturbations and observation of anisotropic
temperature fluctuations in the Cosmic Microwave Background Radiation (CMBR). Ein-
stein’s equations are highly non-linear, hence it is impossible to solve these equations
exactly. To evaluate the physical quantities during the inflationary epoch, several ap-
proximation techniques have been developed in the literature. The focus of the thesis
is to obtain an universal formalism to evaluate the perturbations at all orders that can
be applied to any theory of gravity and matter source in the early universe. We first
look at the equivalence of two approaches — action and order-by-order gravity equa-
tion approach — for cosmological perturbation theory, and establish that both lead to
equivalent results for any gravity models at any order of perturbations. We then focus
on Hamiltonian formalism that has not been studied extensively in the literature. We
provide a generalized Hamiltonian approach for cosmological perturbations which is
equivalent to the Lagrangian approach. We show that, the approach can be applied to
any model at any order of perturbations. Using this approach, we show that evaluat-
ing interaction Hamiltonian is simpler and efficient than earlier approach. In the next
work, we concentrate on generalized non-canonical scalar field and by introducing a
new variable provide a technique to write Hamiltonian for generalized non-canonical
scalar field. We then implement our Hamiltonian approach for non-canonical scalar
field and evaluate interaction Hamiltonian without slow-roll approximations. Finally,
for the first time, we construct a vector Galileon model in curved space-time in which,
the field equations do not contain any higher-derivative terms, yet, preserving U(1)
gauge-invariance. Conformal invariance is broken in this model which leads to primor-
dial magnetogenesis and we compare the predictions of our model with observations.
xi
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Preface
Einstein’s general theory of relativity provides a compelling and testable theory of the
Universe. However, this brings us a very crucial question that needs to be resolved: what
started all this? The standard model of cosmology (Friedman-Robertson-Walker model)
is intrinsically incomplete as it cannot provide answers to the questions like: Why the
Universe is homogeneous at large scales? Why the Cosmic Microwave Background
(CMB) temperature is same in all directions? How the primordial perturbations were
generated in the early universe? The quest to answer these questions leads to a new
realm of physics — inflationary paradigm. It is a period of accelerated expansion in
the very early universe around 1014 GeV which is much remote as compared to the
terrestrial experiments. Inflationary cosmology has two key theoretical aspects. One
is the approximation schemes employed in solving gravity equations. The other is the
inflationary model building inspired by particle physics or a fundamental theory of
quantum gravity. The problem with any theory of gravity is that it is highly non-linear,
so one has to rely on approximation schemes to compare with observations. Primarily,
two formalisms exist to solve the non-linear equations:
• The separate universe approximations with either gradient expansion theory or
∆N formalism.
• Gauge invariant cosmological perturbation theory.
The temperature fluctuations as observed in CMB is ∼ 10−5, hence order-by-order
perturbation theory can be considered to match with observations. With respect to infla-
9
10 Preface
tionary model building, the proposed theories are primarily preferred through simplic-
ity. In the case of canonical scalar field, the simplest, 60 e-foldings of inflation require
the potential to be flat. However, in the case of non-canonical scalar field model, de-
pendence on the potential is reduced and the kinetic part of the action leads to different
inflationary scenarios. In addition to this, non-canonical scalar field leads to the time de-
pendence of the speed of perturbations and makes it difficult to be compared with CMB
observations. In order to seek more generalized fields, scalar fields with higher time
derivatives in action are considered. Beside these, modified gravity models, specifically
f(R) lead to accelerated expansion in the early universe.
There are two mathematical procedures that are currently used in the literature to
study gauge invariant cosmological perturbation theory: Hamiltonian formulation and
Lagrangian formulation. While the Lagrangian formulation has been widely studied,
Hamiltonian framework in the context of cosmological perturbations is not common.
This thesis focuses on the different formalisms and techniques that are used to obtain
cosmological perturbation equations during early universe. The analysis/comparison
of these approaches are much needed to enhance our theoretical predictions. First,
we look into Lagrangian formulation and establish the equivalence of action approach
and order-by-order Einstein’s equation approach for generalized gravity models. Next
we concentrate on Hamiltonian formalism and provide a generalized Hamiltonian ap-
proach for cosmological perturbations at all orders. We also provide a new technique to
obtain Hamiltonian for generalized non-canonical scalar fields and apply our Hamilto-
nian approach for the same. We also apply our new approach to Galileon fields (fields
whose action has higher derivative terms, however, the equations of motion is still sec-
ond order). Like Galileons, the Einstein-Hilbert action contains higher order deriva-
tives, however Einstein’s equations are still second order. We are led to ask: Can there
exist a corresponding action for spin-1 or vector fields? While constructing such an
action that preserves gauge-invariance is not possible in flat space-time, we explicitly
show that it is possible in curved space-time. In other words, for the first time, we
construct a vector Galileon model in curved space-time in which the field equations do
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not contain any higher derivative terms, yet, it preserves U(1) gauge-invariance. Con-
formal invariance automatically breaks down for the model which leads to primordial
magnetogenesis and we compare the predictions of our model with observations.
The thesis is divided into four parts. In the introductory part of the thesis, we discuss
the motivation of our work and provide necessary background material. Part 2 contains
three chapters focusing on different formalisms and their consistencies. Part 3 contains a
single chapter about primordial magnetogenesis from vector Galileon in curved space-
time. The concluding part is made up of chapter 6 giving the summary of the thesis and
presenting the future outlook.
A chapter wise summary of the thesis is given below:
In chapter 1, the brief history of the Universe is presented followed by the Ein-
stein’s equations and the solutions of those equations. Then we focus on early universe
and discuss the problems in understanding early universe within Friedman-Robertson-
Walker model and the need for inflationary paradigm. We mainly concentrate on cos-
mological perturbation theory and review this in the context of Lagrangian formulation.
We also briefly discuss about different formalisms and approaches which we discuss in
detail in chapters 2, 3 and 4.
In chapter 2, we, first, concentrate on Lagrangian formulation. In Lagrangian for-
mulation, there are two approaches to obtain perturbed equations: (i) Order-by-order
gravity equations and (ii) Action approach. Because of non-linear nature of gravity,
equivalence of these two approaches is not established properly. In this work, we show
that, in case of canonical scalar field minimally coupled with gravity, these two ap-
proaches are equivalent for any order of perturbations. We extend our method and
show that the equivalence is generally true for any kind of gravity models at any order
of perturbations. We also find out that, in order to obtain reduced equation that can
lead to evolution of density fluctuations, ‘constraint consistency’ has to be satisfied, i.e.,
Lapse function and shift vector should behave as constraints in the system. The crucial
result we obtain is that all ‘constraint inconsistent’ models have Ostrogradski’s instability
12 Preface
but the reverse is not true. In other words, one can have models with constrained Lapse
function and Shift vector, though it may have Ostrogradski’s instabilities.
In chapter 3, after focusing on Lagrangian formulation, we shift our concentration
on Hamiltonian formulation. In order to match observations with theory, we need a
proper approach of quantization and for canonical quantization, we need to know the
Hamiltonian of the system. In the case of cosmological perturbations, by using order-
by-order approximation, perturbed interaction Hamiltonian is obtained from the re-
duced perturbed Lagrangian. This method is not straightforward, difficult to imple-
ment for constrained system and also suffers other difficulties as well as restrictions. In
this work, we present a consistent Hamiltonian approach of cosmological perturbation
theory for any kind of particle as well as gravity models at any order of perturbation,
which is simple, robust and provide much more information of the system than the ear-
lier work. We show that, if Hamiltonian of any system is known to us, our approach can
be applied to all those systems. We also show that, this approach is not only simple and
straightforward to implement, but also provide extra information of the system, e.g.,
the true degrees of freedom of the system.
In Chapter 4, we concentrate on the Hamiltonian formulation of generalized non-
canonical scalar field. In the case of general non-canonical scalar fields, since Legen-
dre transformation is non-invertible, Hamiltonian of the system cannot be obtained.
However, in this work, we show that, by introducing a new phase-space variable, it is,
in fact, possible to define the Hamiltonian also for a generalized non-canonical scalar
field. Then, we apply our method: Hamiltonian approach of cosmological perturba-
tion to non-canonical scalar field and show that our approach is consistent. We ob-
tain a new expression of speed of sound in terms of phase-space variables for gen-
eralized non-canonical scalar field. Then we provide a general inversion relation be-
tween phase-space variable (and its derivatives) and configuration-space variable (and
its derivatives) to compare and contrast general perturbed Hamilton’s equations and
Euler-Lagrange equations. Finally, we extend our approach to general higher-derivative
gravity models like Horndeski’s model.
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Both in case of Lagrangian and Hamiltonian approach, we encounter several higher
derivative models that are interesting to study. Like Galileons the Einstein-Hilbert ac-
tion contains higher order derivatives, however Einstein’s equations are still second or-
der. We are led to ask: can there exist a corresponding action for spin-1 or vector fields?
While constructing such an action that preserves gauge-invariance is not possible in flat
space-time, in chapter 5, we explicitly show that it is possible in curved space-time by
considering different non-minimal couplings between the vector field and the Riemann
tensor. Thus, in flat space-time, the action explicitly vanishes and only contributes in
curved space-time. Conformal invariance is broken in this model, hence, providing a
new model for primordial magnetogenesis.
Finally, in chapter 6, we list the key results of the thesis and future direction that
arises from these results. In case of Hamiltonian formulation, for the first time, we
provide the generalized approach, however, the application of this is still wide open.
Also, in case of higher derivative models, we find that, we can extend the search for
other higher derivative vector Galileon since whatever we have provided is the first of
its kind. This can even be extended for higher order scalar-tensor theories. Not only
we can search for those models but the applications of those models can be studied for
different era of the universe at any length scales.
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Chapter 1
Introduction
Einstein’s General Theory of Relativity has provided us a compelling, testable mathe-
matical framework of the Universe. It makes precise prediction about the evolution of
the Universe starting from 10−34 seconds till now. The standard model of cosmology is
based on the cosmological principle that states that on the largest cosmological scales,
the Universe is homogeneous and isotropic [3, 4]. Fig. (1.1) shows the distribution of
the large scale structures as a function of redshift. From the figure it is clear that at
high redshifts less structures were formed and it was approximately homogeneous and
isotropic. The success of the standard model of cosmology is based on three observa-
tional pillars: expanding Universe (Hubble’s Law) [5], light element abundances [5] and
Cosmic Microwave Radiation Background (CMBR) [3, 6, 7]. In this chapter, we briefly
discuss the salient features of the standard model of cosmology, colloquially referred to
as Big Bang cosmology, by highlighting these three aspects.
1.1 Observables in cosmology
We now have a good evidence that the universe is expanding — at earlier time, dis-
tance between us and distant galaxies was smaller than it is today. It is convenient to
describe the expansion by introducing the scale factor a(t), whose present value is set
17
18 Chapter 1. Introduction
Figure- 1.1: 2dF Galaxy Redshift Survey
to one and physical distance between two points at a time t is a(t) times the comoving
distance. At earlier times a(t) was smaller than it is today, hence da(t)
dt
> 0 corresponds
to expanding Universe [5]. In addition to the scale factor and its evolution, the smooth
universe is characterized by other parameter — the geometry of the 3-space [5]. There
are three possibilities: flat (3-curvature is zero), open (3-curvature is negative), or closed
(3-curvature is positive). The current observations indicate that we live in nearly flat
Universe [6, 7].
To understand the history of the universe, we need to determine the evolution of the
scale factor a(t). To quantify the change in the scale factor and its relation to the energy
density of the matter in the Universe, it is useful to define Hubble rate
H(t) =
1
a(t)
da(t)
dt
(1.1)
which measures how rapidly the Universe changes. Here and throughout, subscript 0
denotes the value of a(t), H(t) today. The Hubble constant (H0) is parameterized by h
defined via
H0 = 100h km sec−1Mpc−1 =
h
0.98× 1010years = 2.133× 10
−33 h
eV
}
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where the current value of h ' 0.72 and } is the Planck’s constant. Scale factor a(t)
as well as the Hubble constant H(t) determines the evolution of the geometry of the
Universe. More specifically, Hubble rate is a measurable quantity and, hence, it is in-
dependent of the model. Relating Hubble parameter to physical quantities like energy
density, pressure and temperature provide different stages the Universe underwent.
Another model independent quantity is the redshift (z) which is defined as
1 + z ≡ λobs
λemit
=
1
a
. (1.2)
In the rest of this chapter, using Einstein’s equations, we establish the equations
relating the scale factor to the matter. We then briefly discuss the problems of standard
model of cosmology and the need for inflationary paradigm. We discuss in detail the
cosmological perturbation theory including the gauge issue in the linear and higher
order. Finally, in the last section, we discuss the need for higher order perturbation
theory by discussing different approaches to evaluate the physical quantities and the
problem of generation of primordial magnetic fields during inflation which forms the
motivation of the thesis [5, 8, 9, 10].
In this thesis, we use natural units } = c = kB = 1/(4pi0) = 1, κ = 8piG,G is 4-
dimensional Newton’s constant. We use the following metric convention (−,+,+,+).
The Greek letters run from 0 to 3 and the lower case Latin letters run from 1 to 3.
1.2 Dynamics of expansion
A general 4-dimensional space-time line element is given by
ds2 = gµνdx
µdxν . (1.3)
As mentioned earlier, the cosmological principle states that the Universe is spatially
homogeneous and isotropic. The 4-dimensional line element consistent with the cos-
mological principle is given by
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ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + r
2 dΩ2
)
(1.4)
where k is called the curvature of the 3-space and can take three discrete values -1, 0, 1.
-1 corresponds to open universe, +1 relates to closed universe and 0 corresponds to flat
spatial curvature. a(t) is the scale factor and t is referred to as the cosmic time. The above
line element is referred to as Friedman-Robertson-Walker metric. Since the spatial part
of the line-element is multiplied by the scale factor a(t), even if the comoving distance
between two points are constant, the physical distance changes as the Universe evolves.
The current observations indicate that the Universe is nearly spatially flat [3, 6, 7] and
the metric is
gµν =

−1 0 0 0
0 a(t) 0 0
0 0 a(t) 0
0 0 0 a(t)
 (1.5)
The evolution of scale factor a(t) is obtained from the Einstein’s equations:
Gµν = κTµν , (1.6)
where Gµν ≡ Rµν − 1
2
gµνR, κ ≡ 8piG is a constant. (1.7)
Tµν is the stress-tensor corresponding to the matter, Rµν is the Ricci tensor given by
Rµν = ∂γΓ
γ
µν − ∂νΓγµγ + ΓγµνΓαγα− ΓγµαΓανγ (1.8)
and R is Ricci scalar given by
R = gµνRµν . (1.9)
For the Friedman-Robertson-Walker line element (1.5), the Ricci tensor, Ricci scalar
and the Einstein’s tensor are given by
R00 = −3 a¨
a
, Rij = δij
(
2a˙2 + aa¨
)
, R = 6
[
a¨
a
+
(
a˙
a
)2]
(1.10)
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G00 = 3
(
a˙
a
)2
, Gij = −
(
a˙2 + 2aa¨
)
δij (1.11)
where dot denotes derivative with respect to the cosmic time. Homogeneity of the FRW
line element demands that the stress-tensor is independent of the spatial coordinates
and depends only on the cosmic time. Isotropy demands that the stress tensor takes the
following form
T µν =

−ρ(t) 0 0 0
0 p(t) 0 0
0 0 p(t) 0
0 0 0 p(t)
 (1.12)
where ρ is the energy density and p is the pressure. It is important to note that it is
not necessary to assume the matter content is a perfect fluid; it is a consequence of
the symmetry of the FRW line element. Then, 0-0 and i-j component of the Einstein’s
equations (1.6) become
H2 =
κ
3
ρ (1.13)
a¨
a
≡ H˙ +H2 = −κ
6
(ρ+ 3p) (1.14)
where H is the Hubble parameter. These are called Friedman equation and acceleration
equation, respectively. Along with these, the continuity equation
∇µT µ0 = 0. (1.15)
leads to
ρ˙+ 3H (ρ+ p) = 0. (1.16)
It is important to note that the three equations (1.13), (1.14) and (1.16) are not inde-
pendent equations; any one of the three equations can be obtained from the other two
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equations. Since there are three unknown functions — a(t), ρ(t) and p(t) — and only
two independent differential equations, we need to assume one of these functions. One
natural assumption is to consider that at all times, pressure is proportional to energy
density, i.e., p = wρ where w is the equation of state parameter. Since the equations
(1.13), (1.14) and (1.16) are highly non-linear, it is not possible to analytically solve the
equations for multiple fields. Below, we obtain exact analytical solutions for three sim-
ple cases — Universe filled with non-relativistic matter (w = 0), Universe filled with
radiation or relativistic matter (w = 1/3) and cosmological constant (w = −1).
In case of matter-dominated Universe, i.e., the Universe filled with dust matter (w =
0), the continuity equation (1.16) reduces to
∂t
(
ρma
3
)
= 0 ⇒ ρm ∝ 1
a3
(1.17)
Using the above form of the energy density in (1.13), we get
a(t) ∝ t2/3. (1.18)
Similarly, in the case of radiation-dominated universe (w = 1/3), the energy conser-
vation equation and Friedman equation lead to
ρr ∝ 1
a4
and a(t) ∝ t1/2. (1.19)
In the case of cosmological constant Λ (w = −1), using the energy conservation and
Friedman equations, we have
ρΛ = Const. and a(t) ∝ eHt. (1.20)
In general, ρ in the Friedman equation (1.13) consists of all types of matter. Dividing
the equation with H20 =
κ
3
ρcr, where ρcr is the critical density,
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ρcr =
3H20
8piG
= 1.88h2 × 10−29gm cm−3 (1.21)
and using the relation (1.2) we have
H2
H20
= Ωr(1 + z)
4 + Ωm(1 + z)
3 + Ωk(1 + z)
2 + ΩΛ (1.22)
where Ω is defined as ρ
ρcr
. It is important to note that we have also considered the energy
contribution from the curvature, though it is negligible.
For the matter and radiation dominated epoch, we see that as the Universe expands
the energy density decreases. This implies that in the past the energy density of the
fluids was very high. To understand the physics as we go back in time, we need to ob-
tain relation between the energy density, pressure to the temperature. In the expanding
Universe, the second law of thermodynamics as applied to comoving volume can be
written as [5]
TdS = d [(p+ ρ)V ]− V dp (1.23)
Using the integrability condition for the entropy, we get,
dS ≡ d
[
(p+ ρ)
V
T
]
= 0⇒ (p+ ρ)V
T
= Constant (1.24)
This implies that in thermal equilibrium the entropy per comoving volume is con-
stant. For a relativistic particle, the above expression implies that
T ∝ 1
a(t)
(1.25)
This implies that, at earlier times, universe was much hotter than it is today [3, 6, 7].
When the universe was much hotter and denser, (T ∼MeV), there were no bound atoms
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or nuclei and all particles were highly energetic traveling close to the speed of light.
Hence, at early times, all the particles can be treated as relativistic and hence, the Uni-
verse was radiation dominated. As the Universe expanded and cooled down, and the
interaction between radiation and particles reduced, the Universe became matter dom-
inated. Also, when the Universe cooled down below the binding energy of nuclei, light
elements were formed. This epoch is commonly referred to as Big Bang Nucleosynthesis.
Knowing the conditions of the early universe and the relevant nuclear cross-sections, it
is possible to calculate the expected primordial abundances of all the elements. These
are consistent with the predictions and this consistency test is another confirmation of
the standard model [5]. The table below lists the key events in the Universe history
along with the approximate time and the temperature.
As mentioned above, when the Universe was much hotter and denser, then a typical
photon would scatter many times on a trip across the Universe. This would lead to
occasional absorption and reemission, leading to thermodynamic equilibrium between
radiation and matter and hence the radiation would have blackbody spectrum Fig. (1.2)
[3, 6, 7]
Iν =
4pi}ν3/c2
e2pi}ν/kBT − 1 (1.26)
As Universe expanded, the temperature and frequency of the radiation redshifts in
the same way and hence, preserving blackbody spectrum. Therefore, when the radia-
tion and matter decoupled at a redshift of 1100 (commonly referred to as last scattering
surface) the radiation streams across the Universe and reach us from all the directions
[3, 5, 6, 7]. The current temperature of the background radiation is TCMB = 2.73 K [3, 6, 7],
and the energy in this background is greater than the energy in all other photons in the
Universe combined. CMB temperature is same in all directions, to roughly a part in 105
[3, 6, 7].
In short, CMB is the source of the most precise information about the Universe and
about its early state. However, CMB also possesses several questions which the stan-
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Epoch Temperature Characteristics
Big Bang ∞ K singularity (vacuum fluctuations?)
0 s ∞ eV
Planck > 1040 K quantum gravity
0 < t ≤ 10−43 s > 1036 eV
Grand Unification 1036 − 1040 K Gravity freezes out.
10−43 ≤ t ≤ 10−36 s 1036 − 1032 eV the ‘grand unified force’(GUT).
Inflationary 1033 − 1036 K Inflation begins
10−36 − 10−32 s 1029 − 1032 eV strong forces freezes out.
Electroweak 1020 − 1033 K weak force freezes out
10−32 − 10−12 s 1016 − 1029 eV 4-distinct forces (EM dominates)
baryogenesis: baryons and anti-baryons annihi-
late.
Quark 1016 − 1020 K Universe contains hot quark-gluon plasma:
10−12 − 10−6 s 1012 − 1016 eV quarks, gluons and leptons.
Hadron 1012 − 1016 K quarks and gluons bind into hadrons.
10−6 − 1 s 108 − 1012 eV
Lepton 1010 − 1012 K Universe contains photons (γ), muons (µ±),
1 s - 3 mins 106 − 108 eV electrons/positrons (e±) and neutrinos (ν, ν¯);
nucleons n and p in equal numbers
1 s ≤ 1012 K µ+ and µ− annihilate; ν and ν¯ decouple;
≤ 108 eV e±, γ and nucleons remain.
100 s 1010 K, 106 eV e+, e− annihilate
Table- 1.1: Brief history of Universe
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dard model of cosmology cannot address like: Why the CMB photons from different
patches of the sky have the same temperature? Why the Universe is isotropic at the
largest possible scales? What is the source of CMB anisotropies and primordial density
perturbations (Fig. 1.3)? Why the Universe is nearly flat? What is the origin of the
primordial magnetic fields?
Inflationary paradigm [5, 8, 9, 10] can solve many of the above listed problems of
standard model of cosmology. In the following section, we discuss some of the follow-
ing problems and how inflationary paradigm provides solution.
1.3 Very Early Universe
The CMB photon carries the information of the earliest Universe and by carefully an-
alyzing these photons, we can extract information about the early Universe. It tells us
that the Universe was nearly homogeneous and isotropic at scales larger than 100 Mpc.
In fact, the origin of fluctuations in CMB can also answer the origin of the large scale
structures. But, unfortunately, it also leads us a fundamental problem of early universe:
What is the mechanism for the generation of primordial temperature perturbations?
Figure- 1.2: Homogeneous and isotropic CMB
Interestingly, the solution to the above problem also solves the problem of isotropy
of the CMB temperature. In other words, how the two regions that were too far apart
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Figure- 1.3: Temperature fluctuations in CMB
for them to be in contact know to start expanding in synchronization with each other?
(Fig. 1.2).
In the rest of this section, we discuss the Horizon problem and the flatness problem
in the standard cosmology. We then discuss the elegant solution provided by the infla-
tionary paradigm to overcome these problems. We also discuss in detail how inflation
generates primordial density perturbations leading to temperature fluctuations in the
CMB (Fig. 1.3).
1.3.1 Horizon problem
The maximum distance a photon can travel between an initial time ti and later time t,
for the flat FRW metric (1.5) is determined by the null geodesic ds2 = 0, or
∆r =
∫ t
ti
dt′
a(t′)
. (1.27)
Therefore, the maximal distance a photon, hence any particle can travel since the
beginning of the Universe is
η =
∫ t
0
dt′
a(t′)
. (1.28)
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η is referred to as comoving horizon or particle horizon. This can be re-written in a
different form
η ≡
∫ t
0
dt′
a(t′)
=
∫
(aH)−1d ln a. (1.29)
(aH)−1 is referred to as the comoving Hubble radius which is a way of measuring
causally connected region. If particles are separated with a distance larger than the
Hubble radius, then, they are causally disconnected and cannot communicate with each
other. However, later they may communicate and hence be in a causally connected
region. In a universe with a perfect fluid with equation of statew ≡ p/ρ, using equations
(1.16) and (1.13), we find that
(aH)−1 ∝ a 12 (1+w), (1.30)
which when plugged back in the equation (1.29) leads to
η ∝ a 12 (1+w). (1.31)
All known matter sources satisfy 1 + 3w > 0 which leads to the fact that comoving
Hubble radius as well as comoving horizon increase as the Universe expands. Hence,
the initial singularity, in this case is ηi = 0 for 1 + 3w > 0 and the comoving horizon is
finite.
Hence, this leads to the following conclusion: what we see today in the CMB with
very large wavelength mode enters to the current horizon at late times and at very early
times, they were well outside the horizon. This means that, at earlier times, these modes
were in causally disconnected regions, yet, they were synchronized.
1.3.2 Flatness problem
Consider the Friedman equation (1.13) with the line element (1.4)
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H2 =
κ
3
ρ− k
a2
(1.32)
Dividing both sides with the Hubble factor leads to the equation
1− Ω(a) = k
(aH)2
(1.33)
where Ω is the ratio of energy density to critical energy density (1.21). The left hand
side is the measure of the curvature of our Universe. In other words, the deviation of
Ω from unity is the measurement of the curvature of the 3-space. From observations,
we know that, |1 − Ω0| ∼ 0.01 [6, 7]. However, even for a small value of k at earlier
times, the right hand side will grow with time. Thus, starting with a large curvature, it
is difficult to maintain the small flatness of 0.01 at present time. On the other side, if we
want to maintain flatness of 0.01 at present time, then at very earlier times, the Universe
had to be extremely flat. Within the standard cosmology, there is no reason why the
3-curvature of the early Universe need to be flat.
1.3.3 Solution: Inflationary paradigm
One important feature to observe in the case of matter or radiation dominated Universe
is that the particle horizon as well as Hubble radius grow with time. To understand this,
let us transform to conformal time coordinate (η), i.e.,
dη =
dt
a
. (1.34)
and the line element (1.4) for k = 0 becomes
ds2 = −dt2 + a2(t)dx2 = a2(η) (−dη2 + dx2) . (1.35)
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In the new coordinate, FRW metric is conformally flat and the conformal time (η) is
same as the comoving horizon or the particle horizon i.e., η =
∫
dt
a(t)
. For the equation
of state p = wρ, as discussed in section (1.2), the scale factor is given by a(t) ∝ tn where
n = 2/3(1 + w), the particle horizon exists only if w > −1/3 or (ρ + 3p) > 0 and grows
with time. In the conformal time, Hubble radius H is H ≡ a(η)′
a(η)
= a(t)H(t) where ′
denotes derivative with respect to conformal time. Hence, we can see that dH/dt =
(1 + 3w)/2 t−n > 0. We infer that the perfect fluid for which w > −1/3, particle horizon
and comoving Hubble radius increases. In the case of cosmological constant w = −1,
(as discussed in section (1.2), we also infer that the comoving Hubble radius decreases.
One immediate consequence of this is
d
dt
(aH)−1 < 0 ⇒ d
2a
dt2
> 0 (1.36)
which corresponds to accelerated expansion. This is called Inflation. The above relation
can be written in a different form as [11]
d2a
dt2
> 0 ⇒ H˙ +H2 > 0 (1.37)
This has to be contrasted with matter or radiation dominated Universe where a¨ < 0.
Left hand side of the equation (1.37) is the same as the left hand side of the acceleration
equation (1.14) which again implies that ρ + 3p < 0 ⇒ w < −1/3. This directly solves
the horizon problem as well as flatness problem. Since w < −1/3,
ηi ∼ a
1
2
(1+3w)
i → −∞ (1.38)
and hence, at very early time, horizon was so large that all modes were inside the hori-
zon and causally connected (see Fig. 1.4). Later, these modes cross the horizon and
re-enter the horizon. Since comoving Hubble radius is shrinking, all initial fluctuations
in the curvature |1− Ω| decay and become flat, which also solves the flatness problem.
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Figure- 1.4: Comoving Hubble radius (red) during and after inflation
Equation (1.37) can be re-written as
1 +
H˙
H2
> 0 ⇒ 1 < 1, 1 ≡ − H˙
H2
. (1.39)
1 is called the first slow-roll parameter and condition for inflation to occur is 1 < 1.
The condition for the exit of inflation is 1 = 1. The slow-roll parameter can be written
alternatively as [11]
1 ≡ − H˙
H2
= −d ln H
dN
(1.40)
Here, we have defined dN = d ln a = Hdt, which measures the number of e-folds
during the expansion of the Universe. It tells us that, fraction change of the Hubble
parameter per e-fold is small. Moreover, to last inflation for a sufficient time (N ∼ 60) to
solve cosmological problems, we need 1 to be small for sufficient time. This is measured
by the second slow-roll parameter [11]
η1 ≡ ˙1
H1
=
d ln 1
dN
 1. (1.41)
Therefore, the necessary requirements for a suitable inflationary model are as fol-
lows:
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• Accelerated expansion, a¨ > 0 with H > 0,
• Negative pressure with w < −1/3,
• Slow-roll parameters 1 < 1, η1  1.
1.4 Dynamics of inflation
As discussed above, inflation is a dynamical theory and it starts when a component
of the matter field with negative pressure starts dominating the stress tensor and after
sufficient number of e-foldings should exit to radiation dominated Universe. This im-
plies that the cosmological constant cannot be a possible candidate of inflation. In this
case, the two slow-roll parameters, 1 = η1 = 0. Even it ends locally, post-inflationary
Universe looks nothing like our Universe. The Universe is either empty or too much
homogeneous. This problem is called the graceful exit problem [5]. Since the two slow-
roll parameters do not change in time, inflation once started with continue ad infinitum
and will never exit inflation. Since the pressure has to be negative, the fluid cannot be
standard.
Using the fact that the inflation takes place at very high energies [11], at those en-
ergies, the natural description of matter is field theory. The simplest field theory —
relativistic self-interacting scalar field — can lead to negative pressure that is necessary
for the inflation [12].
1.4.1 Slow-roll inflation
Action for single canonical scalar field (ϕ) minimally coupled to gravity is given by
S =
∫
d4x
√−g
(
1
2κ
R− 1
2
gµν∂µϕ∂νϕ− V (ϕ)
)
. (1.42)
where R is the Ricci scalar, V (ϕ) is the self-interacting potential, gµν is the metric and
√−g is the determinant of the metric. The stress-energy tensor which is defined by
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Tµν = − 2√−g
δS
δgµν
(1.43)
is given by
Tµν = ∂µϕ∂νϕ− gµν
(
1
2
gαβ∂αϕ∂βϕ+ V (ϕ)
)
(1.44)
From this expression, it is clear that the above stress-tensor can be written as perfect
fluid with energy density and pressure given by
−T 00 = ρ =
1
2
ϕ˙2 + V (ϕ) (1.45)
p =
1
2
ϕ˙2 − V (ϕ). (1.46)
Substituting the above ρ and p in the Friedman equation (1.13) and acceleration equa-
tion (1.14) for the metric (1.5), we get
H2 =
κ
3
(
1
2
ϕ˙2 + V
)
, (1.47)
H˙ = −κ
2
ϕ˙2 (1.48)
Similarly, the continuity equation (1.16) becomes
ϕ¨+ 3Hϕ˙+ Vϕ = 0 (1.49)
It is important to note again that only two of the above three equations are indepen-
dent. To extract physics from these equations, let us obtain the slow-roll parameters
defined in (1.40) and (1.41) for the canonical scalar field. Substituting (1.47) and (1.48)
in (1.40), we get
1 =
3
2
ϕ˙2(
1
2
ϕ˙2 + V
) . (1.50)
As discussed above, condition for the inflation is 1 < 1. From the above expression,
we see that this condition can be satisfied when potential energy V (ϕ) dominates over
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the kinetic energy (1
2
ϕ˙2). In order to obtain sufficient amount of e-folds, we need the
acceleration of the scalar field to be very small. Rewriting (1.49), we have
3HH˙
(
1 +
1
3
δ
)
+ Vϕ = 0 (1.51)
where
δ1 ≡ ϕ¨
Hϕ˙
=
1
2
η1 − 1 (1.52)
As mentioned in the last section, η1  1 for sufficiently long inflation. Till now, we
have not made any approximations. Based on the above discussions, we can make ap-
proximations, which are referred to as slow-roll approximations, correspond to {1, η1, δ1} 
1. Using these approximations in (1.47) and (1.48), we get
H2 ≈ κ
3
V (ϕ). (1.53)
Using δ1  1, equation (1.49) becomes
3Hϕ˙+ Vϕ ≈ 0 (1.54)
During Slow-roll inflation, the Hubble parameter is nearly constant, leading to quasi
de-Sitter Universe and inflation stops when 1 becomes unity. Since, scale factor a(t)
grows quasi-exponentially, the amount of inflation is measured by the number of e-
folds of accelerated expansion as
N ≡
∫
d ln a =
∫ tf
ti
H(t) dt. (1.55)
This can be re-written as
∫
H(t) dt =
∫
H
ϕ˙
dϕ =
∫ √
κ
2
dϕ (1.56)
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To solve horizon and flatness problem require at least 50 e-foldings of inflation.
PLANCK observations provide the upper limit of number of e-foldings to be around
65 [6].
1.5 Cosmological perturbation theory
FRW line element (1.5) was obtained from the assumption of cosmological principle
that the Universe is homogeneous and isotropic. CMB observations also indicate that
at the largest possible length scales, the Universe is indeed homogeneous and isotropic.
However, as mentioned earlier, the CMB is the same in all directions up to 1 part in 105
(see Fig.1.3). 2dF/SDSS surveys [4] show that the large scale structures were tiny at the
early Universe and started growing due to gravitational attraction. To understand the
evolution of the inhomogeneities, we need to solve Einstein’s equations perturbatively
by expanding around FRW line-element. The perturbation theory is valid only if the
perturbations are small as in the CMB anisotropies [6, 7].
Defining inhomogeneity over homogeneous FRW background leads to ambiguities
in the choice of coordinates. General relativity is diffeomorphism invariant and hence,
there is no preferred choice of coordinates. Choosing different coordinate system may
lead to different descriptions of the same physical solution. This is referred as the gauge
problem. Therefore, it is important to describe the perturbations in terms of gauge-
invariant variables [13, 14, 15, 16, 17, 18].
Any tensor can be decomposed into unperturbed and perturbed parts as
T(η, xi) = T0(η) + δT(η, x
i). (1.57)
where any quantity with subscript 0 refers to those defined in the FRW background
and δ refers to the perturbed quantity. The background part is independent of spatial
dependence. The perturbation can further be written as
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δT0(η, x
i) =
∞∑
n=1
n
n!
δTn(η, x
i) (1.58)
where n denotes the order of perturbation and  is the book keeping parameter that
will be set to unity at the end. In the case of linear order perturbation, we consider
only  terms and neglect 2 or higher order terms. FRW background line element in the
conformal coordinate (1.5) is given by
ds2 = a2(η)
(−dη2 + δijdxidxj) (1.59)
The first order perturbed part of the metric tensor can be written as [13, 14]
δg00 = −2 a2φ
δg0i = a
2 (B,i − Si)
δgij = 2 a
2
(
−ψδij + E,ij + F(i,j) + 1
2
hij
)
(1.60)
where we have used decomposition theorem and written tensor in terms of 3-scalars,
3-vectors and 3-tensor. Vector part is divergence-free, i.e., Si,i = F i,i = 0 and tensor part
is traceless and divergence-less, i.e, hij,i = 0, h
i
i = 0.
The first order inverse perturbed metric takes the form
δg00 = 2a−2 φ (1.61)
δg0i = a−2
(
B,i − Si) (1.62)
δgij = −2a−2
(
−ψδij + E,ij + F (i,j) + 1
2
hij
)
(1.63)
Similarly scalar field (ϕ) and its energy density (ρ) can be decomposed in to back-
ground and perturbed parts as
ϕ(η, xi) = ϕ0(η) +  δϕ(η, x
i) (1.64)
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ρ(η, xi) = ρ0(η) +  δρ(η, x
i) (1.65)
In the next subsection, we discuss the gauge problem and the way to go about re-
solving them by defining gauge-invariant variables.
1.5.1 Gauge transformation and gauge-invariant variables
The gauge problem arises due to the decomposition of background and perturbed parts.
However, the full GR is manifestly gauge-invariant. This gauge problem affects only the
perturbations while the background remains the same in different coordinate systems.
In our case, we assume the difference between coordinate systems is infinitesimal. There
are two approaches to evaluate how perturbations behave under such transformation:
active and passive approach [14, 19]. Here, we use passive approach and evaluate how
different types of perturbations change under such transformations and how to con-
struct the gauge-invariant variables.
In case of first order perturbation, the relation between old and new coordinate sys-
tems at the same physical point p is given by
x˜µ(p) = xµ(p)− ξµ(p) (1.66)
where ξµ is 4-vector corresponding to infinitesimal coordinate transformation. Under
these transformations, the scalar field as well as energy density behave as
ϕ˜(x˜µ) = ϕ(xµ), ρ˜(x˜µ) = ρ(xµ)
⇒ δ˜ϕ = δϕ+ ϕ′0 ξ0, and δ˜ρ = δρ+ ρ′0 ξ0 (1.67)
At linear order, the generating vector ξµ can again be decomposed in terms of scalar
and vector parts as
ξµ =
(
α, βi, + γ
i
)
, γi,i = 0 (1.68)
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where α and β are scalars, γi is divergence-less vector. Substituting the above decom-
position in (1.67), we get,
δ˜ϕ = δϕ+ ϕ′0 α, and δ˜ρ = δρ+ ρ
′
0 α (1.69)
Since the metric gµν is a tensor, it follows
g˜µν(x˜
η) = gαβ(x
η)
∂xα
∂x˜µ
∂xβ
∂x˜ν
. (1.70)
Using (1.60), (1.70) and (1.68), the following relations for the 3-scalar perturbations can
be established [13, 14, 19]:
φ˜ = φ+Hα + α′ (1.71)
ψ˜ = ψ −Hα (1.72)
B˜ = B − α + β′ (1.73)
E˜ = E + β. (1.74)
The 3-vector perturbations transform as
S˜i = Si − γi′ (1.75)
F˜ i = F i + γi (1.76)
and, at linear order perturbation, the tensor perturbation remains invariant
h˜ij = hij. (1.77)
As one can see, only 3-tensor perturbations are invariant under gauge-transformation
at linear order, whereas, all other perturbations are not invariant. By taking combina-
tions of four scalar potentials defined in the metric perturbations, we can construct two
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such gauge-invariant quantities
Φ = φ+H (B − E ′) + (B − E ′)′ , Ψ = ψ −H (B − E ′) (1.78)
These variables were introduced first by Bardeen [15] and called as Bardeen poten-
tials. Gauge-invariant variables are not limited to the above, we can construct infinite
numbers of them. One easy way to construct such quantities is to choose a proper
gauge, i.e., fix the value of ξµ and then identify and map those variables in generic
gauge. For example, in longitudinal gauge, we fix the gauge by choosing B = E = 0
which leads to
β = −E, α = B − E ′. (1.79)
Thus,
φl = φ+H (B − E ′) + (B − E ′)′ ≡ Φ (1.80)
ψl = ψ −H (B − E ′) ≡ Ψ (1.81)
Hence, in the longitudinal gauge, metric perturbations φ and ψ coincide with Bardeen
potentials. Similarly, in flat-slicing gauge with ψ = E = 0, we can construct gauge-
invariant quantity which is of interest during inflation. In this particular gauge, scalar
field ϕ coincides with Mukhanov-Sasaki variable which is gauge-invariant. Mukhanov-
Sasaki variable is also related to comoving curvature perturbationR as
δϕflat = δϕ+
ϕ′0
H ψ =
ϕ′0
H R (1.82)
This is also related to curvature perturbation which is defined as
−ζ = ψ + H
ρ′0
δρ (1.83)
At large scale, ζ = −R which leads to ζ = H
ϕ′0
δϕflat. For details, see [19]. For simplifi-
cation, throughout the thesis, we use flat-slicing gauge.
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1.5.2 Perturbations generated during inflation
Since we know how to construct gauge-invariant variables by fixing a gauge, we can
obtain the dynamics of those gauge-invariant variables from Einstein’s equations. Let
us consider the action of canonical scalar field minimally coupled to gravity (1.42). The
stress-tensor for the canonical scalar field is given by (1.44). The equation of motion
of scalar field and the Einstein’s equations in the FRW background are given in (1.49),
(1.47) and (1.48).
For the linear order scalar perturbations in the flat-slicing gauge, the Einstein’s equa-
tions reduce to
2a2V0φ+ ϕ
′
0δϕ
′ + a2V0,ϕδϕ+
2H
κ
∇2B = 0 (1.84)
Hφ− κ
2
ϕ′0δϕ = 0 (1.85)
B′ + 2HB + φ = 0. (1.86)
The perturbed Klein-Gordon equation becomes
δϕ′′ + 2Hδϕ′ + 2a2V0,ϕφ−∇2δϕ− ϕ′02∇2B − ϕ′0φ′ + a2V0,ϕϕδϕ = 0 (1.87)
As one can see, φ as well as B behave like constraints as they are not dynamical
quantities. Using equations (1.84) and (1.85), φ and B can be written in terms of the
background variables and δϕ. Substituting these in (1.87), we then have
δϕ′′ + 2Hδϕ′ −∇2δϕ+ a
2κ
3
(
2ϕ′0V0,ϕ +
κϕ′0
2
H V0
)
δϕ+ a2V0,ϕϕδϕ = 0 (1.88)
Rewriting δϕ = v/a (v is the Mukhanov-Sasaki variable), the above equation can be
written in a simplified form:
v′′ −∇2v − z
′′
z
v = 0. (1.89)
Fourier decomposing v:
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vˆ(η,x) =
∫
d3k
(2pi)3/2
(
bˆkuk(η) e
ik.x + bˆ†ku
∗
k(η) e
−ik.x
)
, (1.90)
equation (1.89) becomes
u′′k +
(
k2 − z
′′
z
)
uk = 0. (1.91)
The above equation is referred to as Mukhanov-Sasaki equation [13, 14]. Physically,
Mukhanov-Sasaki variable is related to the comoving curvature perturbation R which
coincides with curvature perturbation ζ at very large scales given in equation (1.82).
Hence, solving the above equation, we can obtain the solution for ζ which is directly
related to temperature fluctuations of the CMB (∆T/T0) that we observe today. In case
of de-Sitter Universe, the quantity z vanishes, hence, z′′/z is undefined as pure de-Sitter
cannot support density perturbations.
1.5.3 Perturbations generated during slow-roll
In case of leading order slow-roll approximations {1, η1}  1, as discussed in section
(1.4.1), we have
z2 = 2a21 (1.92)
z′′
z
≈ (aH)2
(
2− 1 + 3
2
η1
)
(1.93)
where η1 is the second slow-roll parameter defined in (1.41). Also, in case of leading
order slow-roll approximation
aH ≈ −1 + 1
η
. (1.94)
Using this in the above equation, (1.93) reduces to
z′′
z
≈ ν
2 − 1
4
η2
, where ν ≡ 3
2
+ 1 +
1
2
η1. (1.95)
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and Mukhanov-Sasaki equation (1.91) becomes
u′′k +
(
k2 − ν
2 − 1
4
η2
)
uk = 0. (1.96)
There exists an exact solution for the above equation, which can be written in terms
of Hankel functions of first and second kind as
uk =
√−η [C1H(1)ν (−kη) + C2H(2)ν (−kη)] . (1.97)
As discussed earlier, inflation occurs at very high energies and natural description
of matter is quantum field theory. We can fix the constants using the initial conditions
for the Mukahnov-Sasaki variable at η → −∞. Using the fact that at very early times
(−kη  1), all modes are inside the horizon and are not affected by the gravity, we set
the modes to be as like in the flat space-time:
lim
−kη→∞
uk =
1√
2k
e−ikη. (1.98)
This is referred to as Bunch-Davies vacuum [20]. Using this condition, we find that
C2 = 0 and C1 =
√
pi/4. Therefore, we obtain
uk =
√
pi
4
√−ηH(1)ν (−kη). (1.99)
The 2-point correlation function is defined as
< 0|vˆk′ vˆk|0 > = |uk|2δ(k+ k′)
= Pv δ(k+ k
′) (1.100)
where Pv is called the power-spectrum of v. ζ is related to v as ζ = z−1 v, z ∼ η 12−ν .
Hence, power-spectrum for ζ is
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Pζ =
pi
4
(−η)2ν ∣∣H(1)ν (−kη)∣∣2 (1.101)
Dimensionless power-spectrum is defined as [11]
∆2s ≡
k3
2pi2
Pζ (1.102)
which, at large scale becomes
lim
−kτ→0
∆2s ∼ k3−2ν . (1.103)
Finally, spectral index is defined as
ns − 1 ≡ d ln ∆
2
s
d ln k
= 3− 2ν (1.104)
= −21 − η1. (1.105)
This implies that, the scalar power-spectrum is perfectly scale-invariant in de-Sitter
Universe with ns = 1. In case of slow-roll inflation, the Universe is quasi de-Sitter and
deviation from scale-invariant spectra is measured via the slow-roll parameters.
In a similar manner, one can calculate vector and tensor power spectra. However,
single scalar field driven inflationary models do not generate vector perturbations [13],
hence it is insignificant. Repeating the above calculations for the tensor perturbations,
we can get another important quantity, tensor-to-scalar ratio (r) which is given by [11,
14]
r ≡ ∆
2
s
∆2t
= 161. (1.106)
1.6 Motivation of the thesis
In the previous sections, we discussed how inflation solves many problems of standard
model of cosmology like horizon and flatness problem, and provides a casual mecha-
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nism for the generation of the primordial density fluctuations. However, inflation has
several problems including it is still unclear what is the field that drives inflation (infla-
ton).
Inflationary paradigm tells us that at early times, Universe has gone through near-
exponential expansion phase. During this time, the temperature also drops down very
fast, i.e., inflation is also a period of supercooled expansion. Hence, the Universe has
to reheat rapidly which is referred to as reheating. During this phase, inflaton energy
decays to standard model particles which then lead to radiation-dominated era of the
Universe. Inflation itself cannot solve all the problems of early Universe as reheating
phase is still not understood properly [21].
We have referred to the accelerated phase of the early Universe as inflationary paradigm
indicating that there are no unique models of inflation. Many models lead to the near
scale-invariance of the observed CMB power-spectra [6]. In the standard inflationary
models, inflation is driven by canonical scalar field(s). The canonical scalar fields are
the simplest and requires flat-potential to get sufficient e-foldings. However, there exist
other scalar fields that can lead to inflation. Non-canonical scalar fields [22, 16, 23] are
generalizations of canonical scalar fields and reduces the dependence on the potential.
In case of non-canonical scalar field, even in the absence of potential energy term, a gen-
eral class of non-quadratic kinetic terms can drive inflationary evolution. These models
satisfy two crucial requirements of inflationary scenarios: the scalar perturbations are
well-behaved during inflation and there exists a natural mechanism for exiting infla-
tion in a graceful manner. Non-canonical scalar field also contains extra parameters
than canonical scalar field such as speed of sound. However, unlike canonical scalar
field models, the speed of propagation of the scalar perturbations in these inflationary
models can be time-dependent[22, 16, 23]. Recently, in order to seek more generalized
field, modified gravity models [24], scalar fields with higher time derivatives models
like Hordenski scalar fields, Kinetic Gravity Braiding models [25, 26, 27, 28, 29, 30] are
considered. Besides these, there are plenty of other models including vector and dirac
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field that can lead to accelerated universe. Hence, it is still unknown what drives infla-
tion.
Not only we do not know what drives inflation, inflationary paradigm depends on
models which lead to ‘slow-roll’ inflation. ‘Slow-roll’ inflation, till now, fits best with the
observation, however, is in contradiction with scalar field potential in standard model
of particle physics [31, 17].
As mentioned earlier, inflationary paradigm provides a natural explanation for pri-
mordial perturbations. However, the mechanism by which these perturbations are gen-
erated is not yet established. To be specific, the predictions of the inflationary models
assume that Fourier modes generated are independent. Hence, the linear order per-
turbation theory development is sufficient. However, theory or observations do not
rule out the possibility that the primordial perturbations generated during inflation
are non-Gaussian. In other words, it is possible that the Fourier components of the
fluctuations may not be independent — non-Gaussian. This naturally raises two ques-
tions: How does one quantify primordial non-Gaussianity? What new information non-
Gaussianity can provide about the inflationary model building?
If the fluctuations are indeed non-Gaussian, then the 3-point correlation of the tem-
perature fluctuations of the CMB:
<
δT (k1)
T0
δT (k2)
T0
δT (k3)
T0
>
must be non-zero. As mentioned earlier, temperature fluctuations are related to the 3-
curvature perturbations. To compare the theoretical models with observations, we need
to evaluate
< ζ(k1)ζ(k2)ζ(k3) > .
If we restrict to linear order perturbations, the above correlation function is identi-
cally zero. Hence, we need to go beyond the linear order perturbation theory. To go
about understanding this, let us treat ζ as an effective quantum field. Within canonical
quantization, the above 3-point correlation of ζ can be written as
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< ζ(k1)ζ(k2)ζ(k3) >∼
∫
dt < 0| [ζ(k1)ζ(k2)ζ(k3),Hint3 ] |0 > (1.107)
where Hint3 is the interaction Hamiltonian. Hence, to obtain higher order correlations,
we need to include self-interacting terms and in the case of cosmological perturbations,
this corresponds to higher order perturbed quantity. Therefore, we need to go beyond
linear order perturbations and evaluate the interaction Hamiltonian.
There are different approaches to evaluate higher order perturbations and one of the aim of
this thesis is to obtain a unified formalism to obtain interaction Hamiltonian for different types
of matter fields and gravity theories.
The problem with any theory of gravity is that it is typically highly non-linear, so
one has to rely on approximation schemes to match the observations. Primarily there
exist two formalisms to deal with the non-linear equations:
• The separate universe approximations[32, 33, 34] with either gradient expansion
theory or ∆N formalism.[35, 36, 37, 38, 39, 40, 41]
• Gauge invariant cosmological perturbation theory[15, 42, 43, 44, 45, 46, 47, 48, 49,
50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63].
There are two mathematical procedures that are currently used in the literature to
study gauge invariant cosmological perturbation theory: Hamiltonian formulation(ADM
formulation)[62] and Lagrangian formulation[15, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52,
53, 54, 55, 56, 57, 58, 59, 60, 61]. The Lagrangian formulation can further be classified
into two different approaches:
(i). Since gravity and matter are coupled to each other, one can write the full action
and vary the action with respect to metric and matter fields to obtain general equa-
tions of motion (e.g., Einstein’s equation in General relativity). Those equations
can be expanded in terms of perturbed variables (metric and field variables) and
one can write down equations in the perturbation theory [64]. This is order-by-
order gravity equation approach.
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(ii). In the action formalism [65], the action is expanded to the required perturbed
order in terms of the perturbed variables (metric and field variables) and then
varied the action with respect to these variables. For example, to obtain perturbed
equations in the first order, we need to expand the action to second order and vary
the action with respect to the first order perturbed variables. This formalism can be
extended to obtain perturbed equations of motion up to any order. In the reduced
action formalism, constraint variables are replaced in the action using constraint
equations so that we can rewrite the action only in terms of dynamical variables.
While the Lagrangian formulation has been widely studied, Hamiltonian framework
in the context of cosmological perturbations is not common. While calculating interac-
tion Hamiltonian, in standard literature, perturbed Lagrangian is used and series of
approximations are used to convert to into interaction Hamiltonian [66]. The thesis fo-
cuses on the different formalisms and techniques that are used to obtain cosmological
perturbation equations in the early universe. The analysis/comparison of these ap-
proaches are much needed to enhance our theoretical predictions. First, we look into
Lagrangian formulation and establish the equivalence of action approach and order-by-
order gravity equation approach for generalized gravity models. Next we concentrate
on Hamiltonian formalism and provide a generalized Hamiltonian approach for cosmo-
logical perturbations at all orders. We also provide a new technique to obtain Hamil-
tonian for generalized non-canonical scalar fields and apply our Hamiltonian approach
for the same. We also apply our new approach to Galileon fields (fields whose action
has higher derivative terms, however, the equations of motion is still second order).
Observations indicate that Universe is filled with magnetic fields at all length scales
[67, 68]. Like the growth of large scale structures, magnetic fields can be amplified by the
dynamo mechanism. However, the dynamo mechanism requires primordial magnetic
fields that are generated in the early Universe. Although, inflation provides a mecha-
nism for the generation of primordial density perturbations, the same mechanism can-
not provide an explanation for the magnetic field generation [69]. Unlike scalar fields,
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the standard 4-dimensional electromagnetic action is conformally invariant. Hence, in-
flation cannot generate the seed magnetic field with standard electromagnetism. The
thesis focuses on modifications to electromagnetic theory leading to breaking of confor-
mal invariance, and thus may able to produce primordial magnetic field [67]. Hence,
we seek the modifications to the standard electromagnetic action without non-minimal
coupling to any scalar. We are led to ask the following question: Can there exist a higher
derivative action for spin-1 or vector fields that is free of ghosts? While constructing
such an action that preserves gauge-invariance is not possible in flat space-time, we ex-
plicitly show that it is possible in curved space-time. In other words, for the first time,
we construct a vector Galileon model in curved space-time in which the field equations
do not contain any higher derivative terms, yet, it preserves U(1) gauge-invariance.
Conformal invariance automatically breaks down for the model which leads to primor-
dial magnetogenesis and we compare the predictions of our model with observations.
A chapter wise summary of the thesis is given below:
In chapter 2, we, first, concentrate on Lagrangian formulation. In Lagrangian for-
mulation, there are two approaches to obtain perturbed equations: (i) Order-by-order
gravity equations and (ii) Action approach. Because of non-linear nature of gravity,
equivalence of these two approaches is not established properly. In Ref.[70], it was
shown that when the metric perturbations are frozen then the two approaches do not,
in general, lead to the same expressions. In this work, we show that, in case of canon-
ical scalar field minimally coupled with gravity, these two approaches are equivalent
for any order of perturbations. We extend our method and show that the equivalence
is generally true for any kind of gravity models at any order of perturbations. We also
find out that, in order to obtain reduced equation that can lead to evolution of density
fluctuations, ‘constraint consistency’ has to be satisfied, i.e., Lapse function and shift
vector should behave as constraints in the system. The crucial result we obtain is that
all ‘constraint inconsistent’ models have Ostrogradski’s instability but the reverse is not
true. In other words, one can have models with constrained Lapse function and Shift
vector, though it may have Ostrogradski’s instabilities.
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In chapter 3, after focusing on Lagrangian formulation, we shift our concentration on
Hamiltonian formulation. In order to match observations with theory, we need a proper
approach of quantization and for canonical quantization, we need to know the Hamil-
tonian of the system. In the case of cosmological perturbations, by using order-by-order
approximation, perturbed interaction Hamiltonian is obtained from the reduced per-
turbed Lagrangian. This method is not straightforward, difficult to implement for con-
strained system and also suffers other difficulties as well as restrictions. In this work,
we present a consistent Hamiltonian approach of cosmological perturbation theory for
any kind of particle as well as gravity models at any order of perturbation, which is sim-
ple, robust and provide much more information of the system than the earlier work. We
show that, if Hamiltonian of any system is known to us, our approach can be applied
to all those systems. We also show that, this approach is not only simple and straight-
forward to implement, but also provide extra information of the system, e.g., the true
degrees of freedom of the system.
In Chapter 4, we concentrate on the Hamiltonian formulation of generalized non-
canonical scalar field. In the case of general non-canonical scalar fields, since Legen-
dre transformation is non-invertible, Hamiltonian of the system cannot be obtained.
However, in this work, we show that, by introducing a new phase-space variable, it is,
in fact, possible to define the Hamiltonian also for a generalized non-canonical scalar
field. Then, we apply our method: Hamiltonian approach of cosmological perturba-
tion to non-canonical scalar field and show that our approach is consistent. We ob-
tain a new expression of speed of sound in terms of phase-space variables for gen-
eralized non-canonical scalar field. Then we provide a general inversion relation be-
tween phase-space variable (and its derivatives) and configuration-space variable (and
its derivatives) to compare and contrast general perturbed Hamiltons equations and
Euler-Lagrange equations. Finally, we extend our approach to general higher-derivative
gravity models like Horndeskis model.
Both in case of Lagrangian and Hamiltonian approach, we encounter several higher
derivative models that are interesting to study. Like Galileons the Einstein-Hilbert ac-
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tion, Lovelock, Hordenski model contain higher order derivatives, however equations
of motion for those models are still second order. We are led to ask: can there exist a
corresponding action for spin-1 or vector fields? While constructing such an action that
preserves gauge-invariance is not possible in flat space-time, in chapter 5, we explicitly
show that it is possible in curved space-time. Conformal invariance is broken in this
model, hence, providing a new model for primordial magnetogenesis.
Finally, in chapter 6, we list the key results of the thesis and future direction that
arises from these results. In case of Hamiltonian formulation, for the first time, we
provide the generalized approach, however, the application of this is still wide open.
Also, in case of higher derivative models, we find that, we can extend the search for
other higher derivative vector Galileon since whatever we have provided is the first of
its kind. This can even be extended for higher order scalar-tensor theories. Not only
we can search for those models but the applications of those models can be studied for
different era of the universe at any length scales.
Chapter 2
Equivalence of two approaches and
‘constraint consistency’
2.1 Introduction
As mentioned in sections (1.4) and (1.6), inflation has now become an integral part of the
standard model, that can eliminate cosmological initial value problems, explain homo-
geneities as well as inhomogeneities and observation of anisotropic Cosmic Microwave
Background Radiation (CMBR)[7]. It is a period of accelerated expansion in the very
early universe and it occurs around 1014 GeV which is much remote in time compared
to the terrestrial experiments. Inflationary cosmology has two key theoretical aspects.
One is the approximation schemes employed in solving gravity equations. The other
is the inflationary model building inspired by particle physics or a fundamental the-
ory of Quantum gravity. The problem with any theory of gravity is that it is typically
highly non-linear, so one has to rely on approximation schemes to match the observa-
tions. As mentioned in section (1.6), primarily there exist two formalisms to deal with
the non-linear equations:
• The separate universe approximations[32, 33, 34] with either gradient expansion
theory or ∆N formalism.[35, 36, 37, 38, 39, 40, 41]
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• Gauge invariant cosmological perturbation theory[15, 42, 43, 44, 45, 46, 47, 48, 49,
50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63].
The temperature fluctuations as observed in CMB is ∼ 10−5, hence it is consistent to
use order-by-order perturbation theory to match with observations [15, 14, 18]. In the
first order, one assumes that the perturbed fields are linear. This implies that the 3-point
and higher order correlation functions are zero. In the second order, the interactions of
the first order need to be included, hence, leading to non-zero 3-point functions. Also
it is widely believed that the detection of these 3-point correlation functions can reduce
the field space of inflationary models [42, 45, 71].
With respect to inflationary model building, the proposed theories are primarily
preferred through simplicity. In the case of the canonical scalar field, the simplest, 60
e-foldings of inflation require the potential to be flat, which is in contradiction with par-
ticle physics models [31, 17]. Non-canonical scalar field model [22, 16, 23] removes the
dependence of the potential, however it leads to time dependence of the speed of per-
turbations and makes it difficult to be compared with CMB observations [72]. In order
to seek more generalized fields, scalar fields with higher time derivatives in action are
considered [26, 27, 28, 29]. Beside these, modified gravity models, specifically f(R) lead
to accelerated expansion in the early universe.
As mentioned briefly in section (1.6), there are two mathematical procedures that
are currently used in the literature to study gauge invariant cosmological perturbation
theory: Hamiltonian formulation (ADM formulation) [62] and Lagrangian formulation
[15, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61]. Since gravity
and matter are coupled to each other, one can write the full action and vary the action
with respect to metric and matter fields to obtain general equations of motion (e.g., Ein-
stein’s equation in General relativity). Those equations can be expanded in terms of
perturbed variables (metric and field variables) and one can write down equations in
the perturbation theory [64]. In the action formalism [65], the action is expanded to the
required perturbed order in terms of the perturbed variables (metric and field variables)
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and then varied the action with respect to these variables. For example, to obtain per-
turbed equations in the first order, we need to expand the action to second order and
vary the action with respect to the first order perturbed variables. This formalism can be
extended to obtain perturbed equations of motion up to any order. In the reduced action
formalism, constraint variables are replaced in the action using constraint equations so
that we can rewrite the action only in terms of dynamical variables.
Since the matter fields (Non-canonical & Galilean scalar field model) and Gravity are
highly non-linear, it is not clear whether the two approaches, i.e., Einstein’s equations
writing in order-by-order perturbation theory and action/reduced action formalism,
lead to the same equations of motion. In Ref. [70], it was shown that when the metric
perturbations are frozen then the two approaches do not, in general, lead to the same
expressions. In this work we address the issue by including the metric perturbations in
the theory.
In the next section, we study higher order cosmological perturbation theory for a
single scalar field minimally coupled to gravity and show the equivalence of the two
approaches at all orders. We point out a crucial and novel consistency check which we
refer to as ‘constraint consistency’ condition that needs to be verified. We also show that
this provides a fast and efficient way to check the consistency and apply it to minimally
coupled non-canonical scalar field.
In section (2.3), we apply the ‘constraint consistency’ condition to many inflationary
models that are proposed in the literature. First we check the theory with higher deriva-
tive Lagrangian models minimally coupled to gravity. Then we extend the procedure to
other different types of models like modified gravity models and modified gravity with
higher order matter Lagrangian. Appendix (A.1) contains some of the derived expres-
sions used in section (2.2) and in Appendix (A.2), we obtain a single variable equation
of motion for non-canonical scalar fields in terms of second order perturbed variables.
In this chapter and other chapters, some of the long calculations have been per-
formed using Cadabra [1, 2].
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2.2 Consistency of Higher order perturbations in two dif-
ferent approaches
The action for gravity sourced by a single, non-minimally coupled scalar field (ϕ) is,
S =
∫
d4x
√−g
(
R
2κ
+ Lm
)
(2.1)
where
Lm = P (X,ϕ) +G(X,ϕ)2ϕ, X ≡ 1
2
gµν∂µϕ∂µϕ, 2 ≡ − 1√−g∂µ
(√−ggµν∂ν) (2.2)
is the Lagrangian for the Galilean field [26, 27, 73]. Varying the action with respect to
metric leads to the Einstein’s equations:
Rµν − 1
2
gµν R = κ Tµν , (2.3)
where the stress tensor Tµν is,
Tµν = gµν{P +GXgαβ∂αX∂βϕ+Gϕgαβ∂αϕ∂βϕ}
−{PX + 2Gϕ +GX2ϕ}∂µϕ∂νϕ− 2GX∂µX∂νϕ (2.4)
For simplicity and to obtain the physical features, we consider only single scalar field
theory minimally coupled to the gravity. Variation of the action (2.1) with respect to the
scalar field (ϕ) leads to the following equation of motion,
{2Gϕ − 2XGXϕ + PX}2ϕ− {PXX + 2GXϕ}∂µϕ∂µϕ− 2X{Gϕ + PXϕ}+ Pϕ
−GX{ϕ,µνϕµν, − {2ϕ}2 +Rµν∂µϕ∂νϕ} −GXX{∂µX∂µX + {∂µϕ∂µX}2ϕ}} = 0
(2.5)
As one can see, although the Lagrangian is of the form, Lm = Lm(ϕ, ∂ϕ, ∂2ϕ), i.e., it
contains higher time derivatives of the scalar field but equations of motion are second
order, thus does not suffer from Ostrogradsky’s instability [74, 75]. With G(X,ϕ) = 0
the field becomes non-canonical. Further fixing P = −X − V (ϕ), where V (ϕ) is the
potential, the Lagrangian corresponds to canonical scalar field.
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The four-dimensional line element in the ADM form is given by,
ds2 = gµνdx
µdxν
= −(N2 −NiN i)dη2 + 2Nidxidη + γijdxidxj, (2.6)
where N(xµ) and Ni(xµ) are Lapse function and Shift vector respectively, γij is the 3-D
space metric. Note that, in the case of Galilean model, N(xµ) and Ni(xµ) are the gauge
constraints and variation of action (2.1) with respect to those lead to Hamiltonian and
Momentum constraints, respectively.
Action (2.1) for the line element (4.6) takes the form,
S =
∫
d4x
√−g
{ 1
2κ
(
(3)R +KijK
ij −K2)+ Lm} (2.7)
where Kij is extrinsic curvature tensor and is given by
Kij ≡ 1
2N
[
∂0γij −Ni|j −Nj|i
]
K ≡ γijKij
‘|’ denotes covariant derivative in the 3-D spatial hypersurface which is character-
ized by the metric γij . As discussed in section (1.5.1), in case of flat-slicing gauge at
second order of perturbations and considering only scalar perturbations for simplicity,
the metric and matter parts can be decomposed as
g00 = −a2(1 + 2φ1 + 2φ2 + ...) (2.8)
g0i ≡ Ni = a2(∂iB1 + 1
2
2∂iB2 + ...) (2.9)
gij = a
2δij (2.10)
ϕ = ϕ0 + ϕ1 +
1
2
2ϕ2 + ... (2.11)
where  is book keeping parameter which will be set to unity at the end. Now, we
can use the above perturbed fields to evaluate equations of motion using both the ap-
proaches. Again, to confirm or infirm the result of Ref. [70] that the two approaches
lead to different results we focus on non-canonical scalar field, i.e., setting G(X,ϕ) = 0.
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2.2.1 Order-by-Order Einstein’s equation approach
For the background, gµν = diag (−a2, a2, a2, a2), equations (2.3) and (2.5) lead to,
−κ
3
(PXϕ
′
0
2
+ Pa2) = H2 (2.12)
−2a
′′
a
+H2 = κPa2 (2.13)
PXϕ
′′
0 − PXXϕ′′0ϕ′02a−2 + PXϕϕ′02 + 2PXϕ′0H + PXXHϕ′03a−2 + Pϕa2 = 0 (2.14)
Equations (2.12) and (2.13) are zeroth order 0-0 and i-j Einstein’s equations where as
equation (2.14) is the zeroth order equation of motion of the scalar field. Similarly, the
first order 0-0, 0-i Einstein’s equations and equation of motion of the perturbed scalar
field are,
H∇2B1 = κ
2
(PXφ1ϕ
′
0
2
+ 2Pa2φ1 + PXϕ
′
0ϕ
′
1 + PXXφ1ϕ
′
0
4
a−2 − PXXϕ′1ϕ′03a−2 +
PXϕϕ
′
0
2
ϕ1 + Pϕϕ1a
2) (2.15)
Hφ1 = −κ
2
PXϕ
′
0ϕ1 (2.16)
−PXϕ′′1a2 − PXXφ′1ϕ′03 + PXXϕ′′1ϕ′02 − PXXϕφ1ϕ′04 + PXXϕϕ′1ϕ′03 − Pϕφ1a4
−Pϕϕa4ϕ1 + PXφ1ϕ′′0a2 + PX∇2ϕ1a2 + PXφ′1ϕ′0a2 − 2PXϕ′1Ha2 − 4PXXφ1ϕ′′0ϕ′02
+3PXXϕ
′
0ϕ
′
1ϕ
′′
0 + PXXϕϕ
′′
0ϕ
′
0
2
ϕ1 − PXϕϕ′0ϕ′1a2 − PXϕϕ′′0a2ϕ1 − PXϕϕϕ′02a2ϕ1
+2PXφ1ϕ
′
0Ha2 + PXϕ′0∇2B1a2 + PXXφ1Hϕ′03 − PXXϕ′1Hϕ′02 − PXXXφ1Hϕ′05a−2
+PXXXφ1ϕ
′′
0ϕ
′
0
4
a−2 + PXXXϕ′1Hϕ′04a−2 − PXXXϕ′1ϕ′′0ϕ′03a−2 − PXXϕHϕ′03ϕ1
−2PXϕϕ′0Hϕ1a2 = 0 (2.17)
Note that, there are no φ′′1 and B′′1 terms in the above three equations and equations
(2.15) and (2.16) are, as expected, the constraint equations corresponding to Lapse func-
tion and Shift vector. Hence, φ1 and B1 are constraints and we can eliminate them from
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the first order equation of motion of the scalar field (2.17). In first order, single variable
equation for non-canonical scalar field in terms of Mukhanov-Sasaki variable (v) is,
v′′ − c2s∇2v −
z′′
z
v = 0 (2.18)
where,
v ≡ aϕ1, z ≡ aϕ
′
0
H , c
2
s ≡
PX
PX + 2XPXX
(2.19)
Similarly, perturbed second order 0-0 and 0-i Einstein’s equations for non-canonical
scalar fields at second order are,
−4φ1H∇2B1 +H∇2B2 − 2δijH∂iB1∂jφ1 − 1
2
∇2B1∇2B1 + 1
2
δijδkl∂ikB1∂jlB1
+κ(−1
2
PXδ
ij∂iB1∂jB1ϕ
′
0
2 − Pδij∂iB1∂jB1a2 − 1
2
PXφ2ϕ
′
0
2 − Pφ2a2 + 2PXφ21ϕ′02 + 4Pφ21a2
+2PXφ1ϕ
′
0ϕ
′
1 +
7
2
PXXφ
2
1ϕ
′
0
4
a−2 − 5PXXφ1ϕ′1ϕ′03a−2 + PXϕφ1ϕ′02ϕ1 −
1
2
PXϕ
′
0ϕ
′
2
−1
2
PXϕ
′
1
2 − 1
2
PXXφ2ϕ
′
0
4
a−2 − 1
2
PXXδ
ij∂iB1∂jB1ϕ
′
0
4
a−2 + 2PXXϕ′0
2
ϕ′1
2
a−2 +
1
2
PXXϕ
′
2ϕ
′
0
3
a−2
−PXXδij∂iB1∂jϕ1ϕ′03a−2 −
1
2
PXXδ
ij∂iϕ1∂jϕ1ϕ
′
0
2
a−2 − PXϕϕ′0ϕ′1ϕ1 −
1
2
PXϕϕ
′
0
2
ϕ2
−1
2
PXXXφ
2
1ϕ
′
0
6
a−4 + PXXXφ1ϕ′1ϕ
′
0
5
a−4 − 1
2
PXXXϕ
′
0
4
ϕ′1
2
a−4 − 1
2
PXϕϕϕ
′
0
2
ϕ21
−PXXϕφ1ϕ′04a−2ϕ1 + PXXϕϕ′1ϕ′03a−2ϕ1 −
1
2
PXδ
ij∂iϕ1∂jϕ1 − 1
2
Pϕϕ2a
2 − 1
2
Pϕϕϕ
2
1a
2) = 0(2.20)
and
−2δjkH∂jB1∂ikB1 + ∂iΦ1∇2B1 + 4φ1H∂iφ1 −H∂iφ2 − δjk∂jφ1∂ikB1
+κ(−1
2
PXϕ
′
0∂iϕ2 − PXϕ′1∂iϕ1 − PXXφ1∂iϕ1ϕ′03a−2 + PXXϕ′1∂iϕ1ϕ′02a−2
−PXϕϕ′0∂iϕ1ϕ1) = 0 (2.21)
and the equation of motion of the scalar field is,
CXPX + CXXPXX + CXXXPXXX + CXXXXPXXXX + CXXXϕPXXXϕ
+ CXXϕPXXϕ + CXXϕϕPXXϕϕ + CXϕPXϕ + CXϕϕPXϕϕ + CXϕϕϕPXϕϕϕ
+ CϕPϕ + CϕϕPϕϕ + CϕϕϕPϕϕϕ = 0
(2.22)
where CX , CXX , ... are all second order perturbed quantities and PX , PXX , PXϕ, ... are
background quantities. The explicit form of C’s are given in Appendix (A.1).
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It is important to note that the second order equations also do not contain φ′′2 and/or
B′′2 . Hence one can obtain a single variable equation of motion of non-canonical scalar
field at second order. Malik et al obtained the single variable equation of motion in sec-
ond order for canonical scalar field [76]. So far we obtain all unperturbed and perturbed
equations using order-by-order gravity equations approach. In the next section, using
reduced action approach, we obtain all relevant background and perturbed equations
and then we compare the two approaches.
2.2.2 Reduced Action approach
In the reduced action approach, one perturbs the field variables (gµν , ϕ) in the action and
expands the action to the required order. In other words, one assumes a priori the form
of the metric and the matter variables in the lowest order and expands order-by-order.
For instance, in the case of FRW background, the action (2.7) becomes,
(0)SNC =
∫
d4x
(
Pa4 − 3 1
κ
a′2
)
(2.23)
Varying the above action with respect to metric variable a(η) and ϕ0(η) leads to the
equations (2.13) and (2.14). Note that, as expected, these two equations are independent
of each other since a(η) and ϕ0(η) are dynamical variables. To obtain first order (in )
equations, one expands action (2.7) upto second order of . In general, varying the nth
order action with respect to mth order perturbed variables leads to (n − m)th order perturbed
equations. It may be worth noting that a given order equations of motion can be obtained in
several ways, e.g., varying first order action with respect to first order variables leads to zeroth
order equations of motion.
Expanding the action (2.7) to the second order, only in terms of first order variables
(ϕ1, φ1, B1), we get
(2)SNC =
∫
d4x
(1
2
PXδ
ij∂iB1∂jB1ϕ
′
0
2
a2 − PXφ21ϕ′02a2 + PXφ1ϕ′0ϕ′1a2 −
1
2
PXϕ
′
1
2
a2 +
PXδ
ijϕ′0∂iB1∂jϕ1a
2 +
1
2
PXδ
ij∂iϕ1∂jϕ1a
2 +
1
2
PXXφ
2
1ϕ
′
0
4 − PXXφ1ϕ′1ϕ′03 +
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1
2
PXXϕ
′
0
2
ϕ′1
2
+
1
2
Pϕϕϕ
2
1a
4 + PXϕφ1ϕ
′
0
2
a2ϕ1 − PXϕϕ′0ϕ′1a2ϕ1 + Pϕφ1a4ϕ1 +
1
2
Pδij∂iB1∂jB1a
4 − 1
2
Pφ21a
4 − 2φ1δij 1
κ
a′∂ijB1a+
3
2
δij
1
κ
∂iB1∂jB1a
′2 − 9
2
1
κ
φ21a
′2
+
1
2
δijδkl
1
κ
∂ikB1∂jlB1a
2 − 1
2
δijδkl
1
κ
∂ijB1∂klB1a
2
)
(2.24)
After integrating by-parts, and dropping off boundary terms, we get,
(2)SNC =
∫
d4x
(1
2
PXδ
ij∂iB1∂jB1ϕ
′
0
2
a2 − PXφ21ϕ′02a2 + PXφ1ϕ′0ϕ′1a2 −
1
2
PXϕ
′
1
2
a2 +
PXδ
ijϕ′0∂iB1∂jϕ1a
2 +
1
2
PXδ
ij∂iϕ1∂jϕ1a
2 +
1
2
PXXφ
2
1ϕ
′
0
4 − PXXφ1ϕ′1ϕ′03 +
1
2
PXXϕ
′
0
2
ϕ′1
2
+
1
2
Pϕϕϕ
2
1a
4 + PXϕφ1ϕ
′
0
2
a2ϕ1 − PXϕϕ′0ϕ′1a2ϕ1 + Pϕφ1a4ϕ1 +
1
2
Pδij∂iB1∂jB1a
4 − 1
2
Pφ21a
4 − 2φ1δij 1
κ
a′∂ijB1a+
3
2
δij
1
κ
∂iB1∂jB1a
′2 − 9
2
1
κ
φ21a
′2
)
(2.25)
Varying action (2.25) with respect to ϕ1, we obtain first order equation of motion of
the scalar field same as (2.17). Similarly, varying action with respect to φ1 and B1 gives
same equations as (2.15) and (2.16) respectively, i.e.,{
δS2
δϕ1
}
φ1,B1
≡ 1st order Equation of motion of the scalar field{
δS2
δφ1
}
ϕ1,B1
≡ 1st order Hamiltonian constraint{
δS2
δB1
}
ϕ1,φ1
≡ 1st order Momentum constraint
Similarly, we can expand (2.7) upto fourth order by expanding the field variables
(ϕ2, φ2, B2) and vary the action with respect to second order perturbed field variables to
obtain second order equations. Fourth order action containing only ϕ2 terms are,
(4)SNCϕ2 =
∫
d4x
(1
4
PXφ2ϕ
′
0ϕ
′
2a
2 +
1
4
PXδ
ijϕ′0ϕ
′
2∂iB1∂jB1a
2 − 3
4
PXϕ
′
0ϕ
′
2φ
2
1a
2 +
1
2
PXφ1ϕ
′
1ϕ
′
2a
2 − 1
8
PXϕ
′
2
2
a2 +
1
4
PXδ
ijϕ′0∂iB2∂jϕ2a
2 − 1
2
PXφ1δ
ijϕ′0∂iB1∂jϕ2a
2 +
1
2
PXδ
ijϕ′1∂iB1∂jϕ2a
2 +
1
2
PXδ
ijϕ′2∂iB1∂jϕ1a
2 +
1
8
PXδ
ij∂iϕ2∂jϕ2a
2 +
3
2
PXXϕ
′
2φ
2
1ϕ
′
0
3 − 2PXXφ1ϕ′1ϕ′2ϕ′02 +
1
2
PXXφ1δ
ij∂iB1∂jϕ2ϕ
′
0
3
+
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1
2
PXXφ1δ
ij∂iϕ1∂jϕ2ϕ
′
0
2 − 1
4
PXXφ2ϕ
′
2ϕ
′
0
3 − 1
4
PXXδ
ijϕ′2∂iB1∂jB1ϕ
′
0
3
+
3
4
PXXϕ
′
0ϕ
′
2ϕ
′
1
2 −
1
2
PXXδ
ijϕ′1∂iB1∂jϕ2ϕ
′
0
2 − 1
2
PXXδ
ijϕ′0ϕ
′
1∂iϕ1∂jϕ2 +
1
8
PXXϕ
′
0
2
ϕ′2
2 − 1
2
PXXδ
ijϕ′2∂iB1∂jϕ1ϕ
′
0
2 −
1
4
PXXδ
ijϕ′0ϕ
′
2∂iϕ1∂jϕ1 +
1
8
Pϕϕϕ
2
2a
4 +
1
4
PXϕφ2ϕ
′
0
2
a2ϕ2 +
1
4
PXϕδ
ij∂iB1∂jB1ϕ
′
0
2
a2ϕ2 −
1
2
PXϕφ
2
1ϕ
′
0
2
a2ϕ2 +
1
2
PXϕφ1ϕ
′
0ϕ
′
1a
2ϕ2 +
1
2
PXϕφ1ϕ
′
0ϕ
′
2a
2ϕ1 − 1
4
PXϕϕ
′
0ϕ
′
2a
2ϕ2 − 1
4
PXϕϕ
′
1
2
a2ϕ2 −
1
2
PXϕϕ
′
1ϕ
′
2a
2ϕ1 +
1
2
PXϕδ
ijϕ′0∂iB1∂jϕ1a
2ϕ2 +
1
2
PXϕδ
ijϕ′0∂iB1∂jϕ2a
2ϕ1 +
1
4
PXϕδ
ij∂iϕ1∂jϕ1a
2ϕ2 +
1
2
PXϕδ
ij∂iϕ1∂jϕ2a
2ϕ1 − 1
4
PXXXϕ
′
2φ
2
1ϕ
′
0
5
a−2 +
1
2
PXXXφ1ϕ
′
1ϕ
′
2ϕ
′
0
4
a−2 − 1
4
PXXXϕ
′
2ϕ
′
0
3
ϕ′1
2
a−2 +
1
4
Pϕϕϕϕ
2
1a
4ϕ2 +
1
4
PXXϕφ
2
1ϕ
′
0
4
ϕ2 − 1
2
PXXϕφ1ϕ
′
1ϕ
′
0
3
ϕ2 − 1
2
PXXϕφ1ϕ
′
2ϕ
′
0
3
ϕ1 +
1
4
PXXϕϕ
′
0
2
ϕ′1
2
ϕ2 +
1
2
PXXϕϕ
′
1ϕ
′
2ϕ
′
0
2
ϕ1 +
1
2
PXϕϕφ1ϕ
′
0
2
a2ϕ1ϕ2 − 1
2
PXϕϕϕ
′
0ϕ
′
1a
2ϕ1ϕ2 − 1
4
PXϕϕϕ
′
0ϕ
′
2ϕ
2
1a
2 +
1
2
PXφ1δ
ij∂iϕ1∂jϕ2a
2 +
1
2
Pϕϕφ1a
4ϕ1ϕ2 +
1
4
Pϕφ2a
4ϕ2 +
1
4
Pϕδ
ij∂iB1∂jB1a
4ϕ2 − 1
4
Pϕφ
2
1a
4ϕ2
)
(2.26)
Varying the action with respect to ϕ2 leads to the same equation of motion of ϕ2
(2.22). Similarly second order equations of φ2 and B2 can be obtained by varying fourth
order action with respect to φ2 and B2, respectively and these lead to same equations
(2.20) and (2.21), respectively. This mechanism can be extended up to any order and we
can generalize that, equations obtained from both the approaches are identical and there are no
ambiguities as discussed in Ref. [70].
Another way of seeing constraints is, action (2.25) or (2.26) contain no time derivative
of φ1, B1, φ2 andB2, i.e., Lapse function and Shift vector algebraically enter in the action.
Hence, variation with respect to φ andB always lead to constraint equations. So, we can
use (2.15) and (2.16) constraint equations to eliminate φ1 and B1 from the action and use
background equations (2.12) and (2.13) to obtain a second order single variable action
in terms of ϕ1. Further, writing the action in terms of Mukhanov-Sasaki variable ‘v’,
(2)SNC = 1
2
∫
d4x
{
v′2 − c2s δij ∂iv∂jv +
z′′
z
v2
}
(2.27)
where v, z and cs are defined in equation (2.19). We can vary the action (2.27) with
respect to v to obtain equation of motion of v, which is identical to the equation (2.18).
Hence at first order, order-by-order Einstein’s equation approach and reduced action approach
lead to identical result.
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Similar procedure may be followed to obtain reduced second order single variable
equation of motion. Fourth order action does not contain terms that have time deriva-
tives of φ2 andB2. Hence, as in the first order, one should be able to substitute φ2 andB2
in the fourth order action to obtain a reduced action in terms of ϕ2. Malik et al showed,
for canonical scalar field under slow roll approximation, that the single variable equa-
tion from both approaches are same [77]. Similarly, since in the case of non-canonical
scalar field, equations of Lapse function φ2 and Shift vector ∂iB2 are (1) identical for
both the approaches and (2) are constraint equations, reduced single variable form of
the equation of motion should also be identical. In Appendix (A.2), we give the reduced
single variable action as well as equation of motion in terms of ‘ϕ2’ for non-canonical
scalar field in Power law limit. Hence, both approaches give the identical results up to second
order.
At the first order, equations of motion are linear in first order variables. At higher
orders, only the highest order perturbed variables appear linearly, where the lowest
order perturbed variables contribute non-linearly to equations of motion. For example,
in second order, equations are linear in second order variables ϕ2, φ2 and B2 but are
quadratic in first order variables ϕ1, φ1 and B1. Hence, as pointed out in [70], it does
appear that obtaining equations of field variables φ,B and ϕ at higher order from the
two approaches may not be identical and thus the reduced form of the single variable
equations of motion of the two different approaches may differ. However, instead of the
non-linear form of the perturbed action, reduced single variable equations of motion at second
order obtained from both the approaches are identical, hence we can generalize that at every order,
in the case of non-canonical scalar field, both approaches lead to identical result. This leads to
the following question: Why Appignani et al [70] obtained different equations of motion from
two approaches?
In the simplified model proposed in Ref. [70], authors have assumed that the homo-
geneous universe is filled with matter fluctuations with no Lapse function φ and Shift
vector ∂iB. They have shown that in this simplified model stress tensor, energy density
and pressure are not identical for both the approaches. Note that, since there are no met-
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ric fluctuations, left hand sides of the perturbed Einstein’s equations are zero. This leads
to five equations (T 00 = 0, T 0i = 0 and equation of motion of scalar field) for a single per-
turbed variable δϕ, which lead to the inconsistency of the simplified model, hence the
ambiguities. Another way of looking into this is the following: in the action approach,
one can obtain the Hamiltonian (momentum) constraint of the system by varying the
action with respect to φ (B). Since in this simplified model, both are not present, this
leads to inconsistent results.
This leads to another important question which we address in the rest of the chapter
is: For what theories of gravity and matter field, the two approaches lead to identical single
variable equation of motion?
To answer the question, let us look at the procedure of conventional gauge invariant
cosmological perturbation theory, which is based on two things, first, to obtain gauge
invariant variables and second, to obtain a single variable action/equation of motion in
terms of gauge invariant variables. Gauge invariant variables are model independent (if
the background metric is unchanged), i.e., these are same for canonical, non-canonical
or Galilean models so that we can always remove two variables out of five by using
gauge conditions and define suitable gauge invariant variables. At each order, we start
from five perturbed variables (φ,B, ψ,E and ϕ). The gauge choice helps to remove
two variables. Carefully choosing a gauge (in our case, E = 0 and ψ = 0) at any or-
der could fix the gauge issue and reduced variables will coincide with gauge invariant
variables[19]. So all equations in terms of those variables also become gauge invariant.
Obtaining a single variable action/equation of motion depends solely on gauge fix-
ing (the procedure discussed in the above paragraph) and two constraint equations
which differ from model to model. If Lapse function N (φ in perturbed case) and Shift
vector Ni (∂iB in perturbed case) remain constraints for any models, i.e., those func-
tions algebraically enter into the action then equations of motion of Lapse function and
Shift vector contain no time derivatives of them, we can always eliminate them from
action/equation of motion to get a single variable action/equation. This helps to re-
duce the degrees of freedom to one and we can write the action/equation of motion in
2.3. Specific models 63
a single variable form. However, if φ1 or B1 or both become dynamical i.e., if the action
contains terms containing time derivatives of Lapse function and/or Shift vector such
that equations contain double time derivatives of those variables then it is not possible
to substitute those variables in the action or in the equation of motion of the scalar field
and the method fails. We refer the constrained nature of Lapse function and Shift vector
as ‘Constraint consistency’ condition. If it is satisfied then the whole method of gauge
invariant cosmological perturbation theory will work. In the next section, we test the
‘constraint consistency’ condition for several models that are used in the literature.
In fact, the whole exercise may be done in terms of Lapse N , Shift Ni and scalar
field ϕ without applying any perturbation theory. From Hamiltonian theory of Gen-
eral relativity or from Einstein’s equation we obtain constraint equations, i.e., Hamilto-
nian and Momentum constraints which are functions of (N,Ni, γij, ϕ, ϕ′, ∂iϕ) in which
Lapse function and Shift vector are constraints. If out of four constraint equations (1
Hamiltonian equation or 0-0 Einstein’s equation and 3 Momentum constraint equation
or 0-i Einstein’s equation), we can solve and extract four quantity, one Lapse function
and three component Shift vector then we can substitute those back in the action or in
equation of motion of the scalar field. Unfortunately, GR equations are so highly non-
linear that analytically solving constraint equations for Lapse function and Shift vector
and obtaining a single variable action or equation is very difficult. Perturbation theory
helps to simplify those equations so that we can invert those equations in terms of Lapse
function and Shift vector and obtain a simplified solutions of constraint functions.
2.3 Specific models
In this section, first we start with well known models of inflation within the framework
of general relativity and then move to modified gravity models. To check for constraint
consistency we follow action formulation, write down second order action in terms of
perturbed variables and identify terms that contain time derivatives of Lapse function
and/or Shift vector.
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2.3.1 Minimally coupled Galilean field
We start with the model with derivatives of metric in the action,
SGm =
∫
d4x
√−g G(X,ϕ)2ϕ (2.28)
which has been proposed by Kobayashi et al [26, 27] where ‘2’ is defined by equation
(4.2). Since ‘2’ contains time derivatives of metric as well as matter, it is not obvious
whether the action can be expressed in a single variable form. After partial integration,
the second order matter action becomes as follows:
(2)SGm =
∫
d4x
{
5GXφ1φ
′
1ϕ
′
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3
+
15
2
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0φ
2
1ϕ
′
0
2 − 15
2
GXa
′φ21ϕ
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3
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a(−2) + 5GXXa′φ21ϕ
′
0
5
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a(−5) −GXXXφ1ϕ′1ϕ′′0ϕ′05a(−4) +
GXXXφ1ϕ
′
1a
′ϕ′0
6
a(−5) +
1
2
GXXXϕ
′′
0ϕ
′
0
4
ϕ′1
2
a(−4) − 1
2
GXXXa
′ϕ′0
5
ϕ′1
2
a(−5) +
1
2
GXY Y ϕ
′′
0ϕ
′
0
2
ϕ21 −
1
2
GXY Y a
′ϕ′0
3
ϕ21a
−1 +GXXY φ1ϕ′′0ϕ
′
0
4
a(−2)ϕ1 −GXXY φ1a′ϕ′05a(−3)ϕ1 −GXXY ϕ′1ϕ′′0ϕ′03a(−2)ϕ1 +
GXXY ϕ
′
1a
′ϕ′0
4
a(−3)ϕ1 +
1
4
GY δ
ij∂iB1∂jB1ϕ
′
0
2
a2 − 3
4
GY φ
2
1ϕ
′
0
2
a2 +GY φ1ϕ
′
0ϕ
′
1a
2 − 1
2
GY ϕ
′
1
2
a2 +
GY δ
ijϕ′0∂iB1∂jϕ1a
2 +
1
2
GY δ
ij∂iϕ1∂jϕ1a
2 +
3
2
GXY φ
2
1ϕ
′
0
4 − 5
2
GXY φ1ϕ
′
1ϕ
′
0
3 − 1
4
GXY δ
ij∂iB1∂jB1ϕ
′
0
4
+
5
4
GXY ϕ
′
0
2
ϕ′1
2 − 1
2
GXY δ
ij∂iB1∂jϕ1ϕ
′
0
3 − 1
4
GXY δ
ij∂iϕ1∂jϕ1ϕ
′
0
2
+
1
2
GY Y φ1ϕ
′
0
2
a2ϕ1 −GY Y ϕ′0ϕ′1a2ϕ1
−1
4
GXXY φ
2
1ϕ
′
0
6
a(−2) +
1
2
GXXY φ1ϕ
′
1ϕ
′
0
5
a(−2) − 1
4
GXXY ϕ
′
0
4
ϕ′1
2
a(−2) − 1
4
GY Y Y ϕ
′
0
2
ϕ21a
2 −
1
2
GXY Y φ1ϕ
′
0
4
ϕ1 +
1
2
GXY Y ϕ
′
1ϕ
′
0
3
ϕ1a
2
}
(2.29)
where GX ≡ ∂XG,GY ≡ ∂ϕG for background and so on. The derivatives of the con-
straints (φ1) appear linearly in the above reduced action (those terms are highlighted
in the above expression). However, by performing partial integration one can rewrite
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these terms as terms proportional to φ1 e.g., first terms in the action can be written as
−5
2
∂0{GXϕ′03}φ21. So, although the action contains time derivative of Lapse function but it is
reducible to action with no time derivative of Lapse or Shift, hence, variation of these terms do
not lead constraint inconsistencies.
2.3.2 (ϕ;λϕ;λ{2ϕ}2) model
Let us consider the following model where the matter action is given by
Sm =
∫
d4x
√−gϕ;λϕ;λ{2ϕ}2 (2.30)
and is minimally coupled to gravity1. Expanding the matter action to second order, we
get,
(2)Sm =
∫
d4x{−35
2
φ21ϕ
′
0
2
ϕ′′0
2
a−2 − 70a′ϕ′′0φ21ϕ′03a−3 − 14φ1φ′1ϕ′′0ϕ′03a−2 − 10φ1δijϕ′′0∂ijB1ϕ′03a−2 −
70φ21ϕ
′
0
4
a′2a−4 − 28φ1φ′1a′ϕ′04a−3 − 20φ1δija′∂ijB1ϕ′04a−3 + 10φ1ϕ′′0ϕ′′1ϕ′02a−2 − 6φ1δijϕ′′0∂jiϕ1ϕ′02a−2
+20φ1a
′ϕ′′1ϕ
′
0
3
a−3 + 60φ1ϕ′1a
′ϕ′′0ϕ
′
0
2
a−3 − 12φ1δija′∂jiϕ1ϕ′03a−3 + 80φ1ϕ′1ϕ′03a′2a−4 + 10φ1ϕ′0ϕ′1ϕ′′0 2a−2
+6φ′1ϕ
′
1ϕ
′′
0ϕ
′
0
2
a−2 + 6δijϕ′1ϕ
′′
0∂ijB1ϕ
′
0
2
a−2 + 16φ′1ϕ
′
1a
′ϕ′0
3
a−3 + 16δijϕ′1a
′∂ijB1ϕ′0
3
a−3 − 4ϕ′0ϕ′1ϕ′′0ϕ′′1a−2
+4δijϕ′0ϕ
′
1ϕ
′′
0∂jiϕ1a
−2 − 12ϕ′1a′ϕ′′1ϕ′02a−3 − 12ϕ′0a′ϕ′′0ϕ′12a−3 + 12δijϕ′1a′∂jiϕ1ϕ′02a−3 − 24ϕ′02ϕ′12a′2a−4
+
5
2
δij∂iB1∂jB1ϕ
′
0
2
ϕ′′0
2
a−2 + 10δija′∂iB1∂jB1ϕ′′0ϕ
′
0
3
a−3 + 10δij∂iB1∂jB1ϕ′0
4
a′2a−4 − ϕ′12ϕ′′0 2a−2 +
2δijϕ′0∂jB1∂iϕ1ϕ
′′
0
2
a−2 + 8δija′∂jB1∂iϕ1ϕ′′0ϕ
′
0
2
a−3 + 8δij∂jB1∂iϕ1ϕ′0
3
a′2a−4 + δij∂iϕ1∂jϕ1ϕ′′0
2
a−2 +
4δijϕ′0a
′∂iϕ1∂jϕ1ϕ′′0a
−3 + 4δij∂iϕ1∂jϕ1ϕ′0
2
a′2a−4 + 4δij∂iB1ϕ′′0∂j0ϕ1ϕ
′
0
2
a−2 + 2φ′1ϕ
′′
1ϕ
′
0
3
a−2 +
4δija′∂iB1∂jϕ1ϕ′′0ϕ
′
0
2
a−3 + 2δij∂iϕ1ϕ′′0∂0jB1ϕ
′
0
2
a−2 + 2δijϕ′′1∂ijB1ϕ
′
0
3
a−2 + 8δija′∂iB1∂j0ϕ1ϕ′0
3
a−3 −
2δijφ′1∂jiϕ1ϕ
′
0
3
a−2 − 2δijδkl∂ijB1∂lkϕ1ϕ′03a−2 + 2δij∂iφ1∂jϕ1ϕ′′0ϕ′02a−2 + 8δij∂iB1∂jϕ1ϕ′03a′2a−4 +
4δija′∂iϕ1∂0jB1ϕ′0
3
a−3 + 4δija′∂iφ1∂jϕ1ϕ′0
3
a−3 + 2δij∂iB1ϕ′′0∂0jB1ϕ
′
0
3
a−2 − 2δij∂iB1∂jφ1ϕ′′0ϕ′03a−2 −
φ′1
2
ϕ′0
4
a−2 + 4δija′∂iB1∂0jB1ϕ′0
4
a−3 − 4δija′∂iB1∂jφ1ϕ′04a−3 − 2δijφ′1∂ijB1ϕ′04a−2 −
δijδkl∂ijB1∂klB1ϕ
′
0
4
a−2 − ϕ′02ϕ′′1 2a−2 + 2δijϕ′′1∂jiϕ1ϕ′02a−2 − δijδkl∂jiϕ1∂lkϕ1ϕ′02a−2} (2.31)
Following points are worth-noting regarding the above action: (i) Unlike Galilean
scalar fields, the above action contains square of the derivative of constraints (φ′2) [the
1Note that, our motivation is only about the consistency of the method discussed in the first section for
different models, not to check its physical observational viability or any other problems such as Higher
order Ostrogradsky’s ghost
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term is highlighted in the above expression], (ii) In case of Galilean, it was possible
to rewrite it as boundary term, in this case it is not possible. This implies that using
reduced action approach, we cannot obtain a single dynamical equation. Hence as dis-
cussed in section (2), the constraint consistency is not satisfied.
2.3.3 (ϕ;λϕ;λ ϕ;µνϕ;µν) model
As like the previous subsection, the following action also contains higher time deriva-
tives of constraints. Expanding the matter action
Sm =
∫
d4x
√−g ϕ;λϕ;λ ϕ;µνϕ;µν (2.32)
to second order, we get,
(2)Sm =
∫
d4x{−35
2
φ21ϕ
′
0
2
ϕ′′0
2
a−2 + 35a′ϕ′′0φ
2
1ϕ
′
0
3
a−3 − 14φ1φ′1ϕ′′0ϕ′03a−2 − 70φ21ϕ′04a′2a−4 + 14φ1φ′1a′ϕ′04a−3 −
10φ1δ
ija′∂ijB1ϕ′0
4
a−3 + 10φ1ϕ′′0ϕ
′′
1ϕ
′
0
2
a−2 − 10φ1a′ϕ′′1ϕ′03a−3 − 30φ1ϕ′1a′ϕ′′0ϕ′02a−3 − 6φ1δija′∂jiϕ1ϕ′03a−3
+80φ1ϕ
′
1ϕ
′
0
3
a′2a−4 + 10φ1ϕ′0ϕ
′
1ϕ
′′
0
2
a−2 + 6φ′1ϕ
′
1ϕ
′′
0ϕ
′
0
2
a−2 − 8φ′1ϕ′1a′ϕ′03a−3 + 8δijϕ′1a′∂ijB1ϕ′03a−3 −
4ϕ′0ϕ
′
1ϕ
′′
0ϕ
′′
1a
−2 + 6ϕ′1a
′ϕ′′1ϕ
′
0
2
a−3 + 6ϕ′0a
′ϕ′′0ϕ
′
1
2
a−3 + 6δijϕ′1a
′∂jiϕ1ϕ′0
2
a−3 − 24ϕ′02ϕ′12a′2a−4 +
5
2
δij∂iB1∂jB1ϕ
′
0
2
ϕ′′0
2
a−2 − 5δija′∂iB1∂jB1ϕ′′0ϕ′03a−3 + 10δij∂iB1∂jB1ϕ′04a′2a−4 − ϕ′12ϕ′′0 2a−2 +
2δijϕ′0∂jB1∂iϕ1ϕ
′′
0
2
a−2 − 4δija′∂jB1∂iϕ1ϕ′′0ϕ′02a−3 + 8δij∂jB1∂iϕ1ϕ′03a′2a−4 + δij∂iϕ1∂jϕ1ϕ′′0 2a−2 −
2δijϕ′0a
′∂iϕ1∂jϕ1ϕ′′0a
−3 + 6δij∂iϕ1∂jϕ1ϕ′0
2
a′2a−4 + 4δij∂iB1ϕ′′0∂j0ϕ1ϕ
′
0
2
a−2 + 2φ′1ϕ
′′
1ϕ
′
0
3
a−2 −
2δija′∂iB1∂jϕ1ϕ′′0ϕ
′
0
2
a−3 + 2δij∂iϕ1ϕ′′0∂0jB1ϕ
′
0
2
a−2 − 4δija′∂iB1∂j0ϕ1ϕ′03a−3 − 4δij∂iφ1∂j0ϕ1ϕ′03a−2 −
2δijδkl∂ikB1∂ljϕ1ϕ
′
0
3
a−2 + 2δij∂iφ1∂jϕ1ϕ′′0ϕ
′
0
2
a−2 + 8δij∂iB1∂jϕ1ϕ′0
3
a′2a−4 − 2δija′∂iϕ1∂0jB1ϕ′03a−3 +
2δija′∂iφ1∂jϕ1ϕ′0
3
a−3 + 2δij∂iB1ϕ′′0∂0jB1ϕ
′
0
3
a−2 − 2δij∂iB1∂jφ1ϕ′′0ϕ′03a−2 − φ′12ϕ′04a−2 −
2δija′∂iB1∂0jB1ϕ′0
4
a−3 + 2δija′∂iB1∂jφ1ϕ′0
4
a−3 + 2δij∂iφ1∂jφ1ϕ′0
4
a−2 − δijδkl∂ikB1∂jlB1ϕ′04a−2 −
ϕ′0
2
ϕ′′1
2
a−2 + 2δij∂i0ϕ1∂j0ϕ1ϕ′0
2
a−2 − δijδkl∂kiϕ1∂ljϕ1ϕ′02a−2 − 4δija′∂iϕ1∂j0ϕ1ϕ′02a−3} (2.33)
It is important to note that the second order action contains φ′2 which cannot be
absorbed as a boundary term (the highlighted term in the above expression). Hence the
constraint condition is not satisfied leading to the fact that the reduced action does not
lead to single variable equation of motion.
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From the above analysis, we can generalize and apply this to any higher derivative
scalar theory models like {2ϕ}3, 22ϕ, ϕ;α;βϕ;β;γϕ;γ;α, ϕ;αβγδϕαβγδ and that obtaining a single
variable equation of motion or action is not possible for these kind of models.
2.3.4 f(R) model
Until now, we have considered different forms of scalar field action without modifying
gravity. In this subsection, we consider the simplest modification i.e. R + αR2 while
we consider the matter to be canonical scalar field. Since R and matter part of the ac-
tion does not have any inconsistency, we expand R2 up to second order in perturbed
variables to get,
36δijδkl∂ijB1∂klB1a
′2a−6 + 12δijδkla′∂ijB1∂0klB1a−5 + 72δijφ′1∂ijB1a
′2a−6+
288φ1δ
ija′a′′∂ijB1a−6 + 12δijδkla′∂ijB1∂klφ1a−5 + 12δijδkla′∂klB1∂0ijB1a−5 + 4δijδkl∂0ijB1∂0klB1a−4+
24δijφ′1a
′∂0ijB1a−5 + 96φ1δija′′∂0ijB1a−5 + 4δijδkl∂klφ1∂0ijB1a−4 + 36φ′1
2
a′2a−6+
432φ1φ
′
1a
′a′′a−6 + 24δijφ′1a
′∂ijφ1a−5 + 432φ21a
′′2a−6 + 96φ1δija′′∂ijφ1a−5+
12δijδkla′∂klB1∂ijφ1a−5 + 4δijδkl∂ijφ1∂0klB1a−4 + 4δijδkl∂ijφ1∂klφ1a−4 + 24δijφ′1a
′′∂ijB1a−5−
72δija′∂iB1a′′∂0jB1a−6 + 12δijδkla′′∂ijB1∂klB1a−5 + 72δija′∂iB1∂jφ1a′′a−6 − 72δij∂iB1∂jB1a′′2a−6+
24δij∂iφ1∂jφ1a
′′a−5 − 12δijδkla′′∂ikB1∂jlB1a−5
(2.34)
Following points are interesting to note from the above expression: (i) R2 term con-
tains time derivative of φ, that cannot be absorbed as a boundary term. This implies
that the above action cannot lead to the constraint equation. (ii) By doing a conformal
transformation gµν → ˜gµν = Ω2gµν , the term containing the time derivative of φ can
be absorbed as a matter field and hence the constraint equation recovered. (iii) The
constraint consistency allows us to identify that the f(R) gravity models, without con-
formal transformation lead to inconsistent dynamics.
2.3.5 [ϕ;λϕ;λ({2ϕ}2 − ϕ;µνϕ;µν)] model
As we have shown above, certain higher derivative models do not satisfy ‘constraint
consistency’. We have also shown which terms in the second order action spoil the
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‘constraint consistency’. However, it is interesting to note the terms that contain time
derivative of Lapse functions are identical. Let us consider the following scalar field
action
S =
∫
d4x
√−g [ ϕ;λϕ;λ
({2ϕ}2 − ϕ;µνϕ;µν) ] (2.35)
The second order action is given by,
(2)Sm =
∫
d4x{−105a′ϕ′′0φ21ϕ′03a−3 − 10φ1δijϕ′′0∂ijB1ϕ′03a−2 − 42φ1φ′1a′ϕ′04a−3 − 10φ1δija′∂ijB1ϕ′04a−3−
6φ1δ
ijϕ′′0∂jiϕ1ϕ
′
0
2
a−2 + 30φ1a′ϕ′′1ϕ
′
0
3
a−3 + 90φ1ϕ′1a
′ϕ′′0ϕ
′
0
2
a−3 − 6φ1δija′∂jiϕ1ϕ′03a−3+
6δijϕ′1ϕ
′′
0∂ijB1ϕ
′
0
2
a−2 + 24φ′1ϕ
′
1a
′ϕ′0
3
a−3 + 8δijϕ′1a
′∂ijB1ϕ′0
3
a−3 + 4δijϕ′0ϕ
′
1ϕ
′′
0∂jiϕ1a
−2−
18ϕ′1a
′ϕ′′1ϕ
′
0
2
a−3 − 18ϕ′0a′ϕ′′0ϕ′12a−3 + 6δijϕ′1a′∂jiϕ1ϕ′02a−3 + 15δija′∂iB1∂jB1ϕ′′0ϕ′03a−3+
12δija′∂jB1∂iϕ1ϕ′′0ϕ
′
0
2
a−3 + 6δijϕ′0a
′∂iϕ1∂jϕ1ϕ′′0a
−3 − 2δij∂iϕ1∂jϕ1ϕ′02a′2a−4 + 6δija′∂iB1∂jϕ1ϕ′′0ϕ′02a−3+
2δijϕ′′1∂ijB1ϕ
′
0
3
a−2 + 12δija′∂iB1∂j0ϕ1ϕ′0
3
a−3 − 2δijφ′1∂jiϕ1ϕ′03a−2 − 2δijδkl∂ijB1∂lkϕ1ϕ′03a−2+
6δija′∂iϕ1∂0jB1ϕ′0
3
a−3 + 2δija′∂iφ1∂jϕ1ϕ′0
3
a−3 + 6δija′∂iB1∂0jB1ϕ′0
4
a−3 − 6δija′∂iB1∂jφ1ϕ′04a−3−
2δijφ′1∂ijB1ϕ
′
0
4
a−2 − δijδkl∂ijB1∂klB1ϕ′04a−2 + 2δijϕ′′1∂jiϕ1ϕ′02a−2 − δijδkl∂jiϕ1∂lkϕ1ϕ′02a−2+
4δij∂iφ1∂j0ϕ1ϕ
′
0
3
a−2 + 2δijδkl∂ikB1∂ljϕ1ϕ′0
3
a−2 − 2δij∂iφ1∂jφ1ϕ′04a−2 + δijδkl∂ikB1∂jlB1ϕ′04a−2−
2δij∂i0ϕ1∂j0ϕ1ϕ
′
0
2
a−2 + δijδkl∂kiϕ1∂ljϕ1ϕ′0
2
a−2 + 4δija′∂iϕ1∂j0ϕ1ϕ′0
2
a−3}
(2.36)
It is interesting to note the following points: (i) the action does not contain terms
having time derivative of Lapse function/Shift vector. Hence the resultant equation
leads to constraint equation. Similarly, [ϕ;λϕ;λ({2ϕ}3−32ϕ ϕ;µνϕ;µν+2ϕ;α;βϕ;β;γϕ;γ;α)] model
do not have dynamical Lapse/Shift. (ii) From the above, one may be tempted to relate
the constraint consistency with Ostrogradsky’s instabilities. To go about checking this,
let us look at the zeroth order action for the matter field, i.e.,
(0)Sm =
∫
d4x{−6a′ϕ′′0ϕ′03a(−3)} (2.37)
which, after integration by-parts, can be re-written as,
(0)Sm =
∫
d4x{3
2
a′′a−3ϕ′0
4 − 9
2
a′2a−4ϕ′0
4} (2.38)
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Hence the equations of motion will contain a′′′ and φ′′′0 . This immediately signals Ostro-
gradsky’s instability.
This leads us to the important conclusion: While all ‘constraint’ inconsistent models
have higher order Ostrogradsky’s instabilities but the reverse is not true. One can have models
with constraint Lapse function and Shift vector, though it may have Ostrogradsky’s instabilities.
2.3.6 Constraint consistent models without instabilities
In the previous subsection, we showed that identifying the terms in (2.31) and (2.33) that
contains higher derivatives of Lapse function, we can remove these terms by combina-
tion of these terms two terms. However, we noticed that such actions suffer from Os-
trogradsky’s instabilities. The term that leads to Ostrogradsky’s instability is 3
2
a′′a−3ϕ′0
4
at zeroth order action (2.38). In order to cancel such term, without involving any higher
derivatives of φ, one needs to introduce non-minimal coupling of the kinetic term of
the scalar field with Ricci scalar. It is easy to show that the term −1
4
(ϕ;αϕ
;α)2R exactly
cancels this and the resulting background action becomes,
(0)Sm = −9
2
∫
d4x a′2a−4ϕ′0
4 (2.39)
Similarly, [ϕ;λϕ;λ({2ϕ}3− 32ϕ ϕ;µνϕ;µν + 2ϕ;α;βϕ;β;γϕ;γ;α− 6Gµνϕ;α;µϕ;αϕ;ν)] does not have
any constraint inconsistencies as well as instabilities.
The following points are worth noting regarding this:
i. We have arrived at the action [ϕ;λϕ;λ({2ϕ}2 − ϕ;µνϕ;µν − 14(ϕ;αϕ;α)2R] by using
the condition that the action does not have time derivatives of Lapse function and
Shift vector and later using the additional condition that Ostrogradsky’s instability
does not arise.
ii. In a different manner, Nicolis et al [28] and Deffayet et al [29] have come up with
the same action, only with condition of removing Ostrogradsky’s instability. Here
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we have verified that those models will result in consistent dynamics with ‘con-
straint consistency’ and lead to single variable action as well as equation of mo-
tion.
iii. Similarly, we find that the third order derivative model is [ϕ;λϕ;λ({2ϕ}3−32ϕϕ;µνϕ;µν+
2ϕ;α;βϕ
;β
;γϕ
;γ
;α − 6Gµνϕ;α;µϕ;αϕ;ν)] which, again has been derived in [28] and [29]. This
model is also constraint consistent and free of Ostrogradsky’s instability.
2.4 Conclusions
In this chapter, we have revisited the two approaches in cosmological perturbation
theory — order-by-order approach of the Einstein’s equation and reduced action for-
malism. Equivalence of the two approaches were not clear since Gravity equations
are highly non-linear. In this chapter, we have established that equations arising from
order-by-order approach of the Einstein’s equations and those from the action formal-
ism are equivalent for canonical as well as non-canonical scalar fields up to second or-
der. These results may easily be extended to any model in Gravity models at any order.
To compare both the approaches, we have identified a ‘Constraint consistency con-
dition’ where the constrained nature of Lapse function and Shift vector are studied [78].
We have shown that, in order to obtain a reduced equation for both of the approaches,
‘Constraint consistency’ relation has to be satisfied, i.e., those variables should appear
in the action algebraically, and no non-reducible partial time derivatives of Lapse func-
tion and Shift vector should be present. In other words, equations of motion of Lapse
function and Shift vector should not contain second order partial time derivatives. We
then investigated the higher order derivative theories of gravity and found that models
which satisfy the constraint conditions can be applied to the conventional perturbation
theory where we express all equations in a simplified form with a single variable (Cur-
vature perturbationR or Mukhanov-Sasaki variable) equation of motion. One common
problem with higher order derivative theories is that, they may have Higher derivative
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equations of motion which can give rise to Ostrogradsky’s instabilities. We showed that
all the models which do not satisfy ‘Constraint consistency’ conditions suffer form Os-
trogradsky’s instabilities. However, we also find that, there exist some models which
satisfy constraint conditions though they have instabilities, i.e., the action can be re-
duced in a single variable form but the single variable equation of motion will contain
higher order time derivatives. The method we have proposed here is fast and efficient
and would be useful for inflationary model building [78].
We have also constructed some higher derivative models in such a way that those
models should satisfy constraint consistency condition and can be free from higher or-
der time derivatives. Those models have already been derived in the literature in a
different manner where the approach of constructing models are different. This ensures
that, conventional perturbation theory can be used in higher derivative models which
are free from Ostrogradsky’s instabilities to obtain a gauge invariant single variable
equation of motion using any approaches. We summarize the main results,
(i). The two approaches are completely equivalent.
(ii). Not all models with Lagrangian density L = ∫ √−g {R + F (ϕ, ∂ϕ, ∂2ϕ)} or L =∫ √−gF (R, ∂ϕ, ∂2ϕ) can be reduced in a single variable form.
(iii). To obtain a single variable form, ‘Constraint consistency’ condition has to be sat-
isfied.
(iv). Models with constraint inconsistency show Ostrogradsky’s instability but the re-
verse is not true.
The analysis here may have implications for models of quantum cosmology with
scalar fields [79]. The quantum corrections to the matter and gravity can be modelled
as effective stress-tensor [80]. The effective classical equation must also satisfy the con-
straint consistency. This might help to constraint the quantum cosmology models [80].
Chapter 3
Hamiltonian formalism of cosmological
perturbation theory
3.1 Introduction
As discussed in section (1.4), linear order cosmological perturbation theory [15, 62, 14,
18, 17, 16, 13] has been highly successful at describing the CMB anisotropies [3, 6, 7]. It
also helps to describe the seed Gaussian density perturbations during inflation and the
formation of large scale structures [24, 63]. While linear order perturbations are fairly
understood, there are several open issues in applying theory beyond linear order both
early and late time universe [81, 24, 41, 31, 17, 22, 16]. In the last decade, the possibility
of observing primordial non-Gaussianity in CMB and potentially ruling out inflationary
models [17, 31, 82, 83] has led to a lot of interest in higher order perturbations.
As mentioned in section (1.6), currently, there are two formalism in the literature to
study gauge invariant cosmological perturbations — Hamiltonian [62] and Lagrangian
formulation [15, 14, 42, 43, 44, 46, 47, 48, 50, 49, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61,
64, 65]. In the Lagrangian formulation, one needs to either perturb Einstein’s equa-
tions or vary the perturbed Lagrangian to obtain perturbed equations of motion. In the
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Hamiltonian formulation, gauge-invariant first order perturbed equations are obtained
in terms of field variables and their conjugate momenta.
In the context of early universe, evaluation of n-point correlation functions of the ef-
fective (scalar) field requires the quantum Hamiltonian of this effective field. For matter
fields containing first derivative in time, it is straightforward to obtain the Hamiltonian
by performing Legendre transformation. Equations of motion of such fields contain
upto second derivative of the field variables which can be linearized as two independent
coupled first order differential equations (Hamilton’s equations) — one corresponding
to the time evolution of the field and other corresponding to the time evolution of the
momentum. This indicates that the phase space is two-dimensional.
However, for higher derivative field theories, the Hamiltonian structure and the as-
sociated degrees of freedom is not straightforward. For any higher (more than one)
derivative theories, the equations of motion have upto two times the highest order
derivative of the field. For example, fields with second order time derivatives, the equa-
tion motion contain upto fourth order derivatives of the field. So, if we linearize the
equation, we obtain four independent coupled first order differential equations which
indirectly imply that, the phase-space is four dimensional and can be mapped to Hamil-
tonian of two fields. However, the mapped Hamiltonian has unbounded negative en-
ergy leading to Ostrogradsky’s instability [74, 75]. This implies that extra degrees of
freedom (named as ghost) for a higher derivative Lagrangian causes the instability and
hence, in general, quantizing the Hamiltonian is not possible.
On the contrary, Galilean scalar field [26, 27, 29] is a special higher derivative field
which leads to second derivative equations of motion, implying that the the phase space
contains one independent variable and one corresponding momentum, although, mul-
tiple variable as well as momenta may appear in the Hamiltonian. Also the absence of
extra degrees of freedom leads to the fact that, Hamiltonian of Galilean field is bounded
can be quantized.
The main aim of the chapter is to write the effective Hamiltonian of the generalized
(Galilean) scalar field coupled to gravity at all orders in perturbations. Hamiltonian
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approach to the cosmological perturbations has not been extensively studied in the lit-
erature. Langlois [62] showed that, equations of motion of canonical scalar field can be
obtained in a gauge-invariant single variable form at first order perturbation. However,
Langlois’ approach can not be extended to include higher order due to fact that the ap-
proach requires construction of gauge-invariant conjugate momentum. Another aim of
this chapter is to extend Langlois’ analysis to higher orders.
It is necessary to extend Langlois’ method to higher order for the following reasons.
First, to calculate higher order correlation functions, currently several approximations
are employed to convert effective Lagrangian to Hamiltonian [84]. Our aim is to pro-
vide a simple, yet robust procedure to calculate Hamiltonian for arbitrary field(s) at all
orders in cosmological perturbations. Second, as mentioned earlier, we do not have
a procedure to perform Hamiltonian analysis for the Galilean fields. The procedure
we adopt here can be extended to Galilean fields; we explicitly show this in this chap-
ter. Deffayet et al [88] gave a mechanism to deal with Galilean theory in the context of
General relativity. Third, the procedure can be used to include quantum gravitational
corrections[89, 90, 91].
In this chapter, we find a consistent perturbed Hamiltonian formulation. We use
Deffayet’s approach [88] to obtain the generalized Hamiltonian of a Galilean theory
and along with canonical scalar field Hamiltonian, we perturb both fields to obtain all
equations of motion as well as interaction Hamiltonian and we compare with conven-
tional Lagrangian formulation. We find that both lead to identical results and hence,
our Hamiltonian approach leads to consistent results in a straightforward and efficient
way.
As discussed in section (1.5.1) and section (2.2), in section (3.2), we re-introduce the
generic scalar model in the early Universe and briefly discuss gauge fixing and the cor-
responding gauge invariant equations of motion. In section (3.3), we take a simple
model that highlights the key issues that need to be addressed about the gauge issue
in Hamiltonian formulation and also discuss how the same can be addressed. In this
simple model, we compare and contrast Lagrangian and Hamiltonian formulation. We
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calculate third and fourth order perturbed Hamiltonian and replace momenta with the
time derivatives of the variables and show that it is consistent with conventional La-
grangian formulation. In section (3.4), we discuss canonical scalar field in flat-slicing
gauge to obtain interaction Hamiltonian in a new and simple way. In Appendix (B.1),
we calculate equations of motion of perturbed and unperturbed variables for Canonical
scalar field in flat-slicing gauge. We also explicitly obtain the third order interaction
Hamiltonian of Canonical scalar field model in phase-space. In order to show that our
proposed method works in any gauges, we obtain equations of motion of all variables
of Canonical scalar field in uniform density gauge in Appendix (B.2). In section (3.5)
and Appendix (B.3), we extend the analysis to a very specific Galilean field and evalu-
ate all equations of motion of perturbed-unperturbed variables. We show that, at every
order unlike higher order generalized Lagrangian, Galilean field model does not pro-
vide extra degrees freedom and behave same as any general first order derivative La-
grangian model. We also calculate the third and fourth order perturbed Hamiltonian.
In Appendix (B.5), we consider a Galilean model with a canonical scalar field part and
express the full Hamiltonian as well as zeroth and second order perturbed Hamiltonian
and express zeroth and first order perturbed equations.
3.2 Basic models and Gauge choices
Action for a generic scalar field (ϕ) minimally coupled to gravity is
S =
∫
d4x
√−g
[
1
2κ
R + Lm(ϕ, ∂ϕ, ∂∂ϕ)
]
, (3.1)
where R is the Ricci scalar and the matter Lagrangian, Lm is of the form.
Lm = P (X,ϕ) +G(X,ϕ)2ϕ, X ≡ 1
2
gµν∂µϕ∂µϕ, 2 ≡ − 1√−g∂µ
(√−ggµν∂ν) . (3.2)
It is important to note that the Lagrangian contains second order derivatives, how-
ever, the equation of motion will be of second order and these are referred as Galilean[26,
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27, 29]. Varying the action (4.1) with respect to metric gives Einstein’s equation
Rµν − 1
2
gµν R = κ Tµν , (3.3)
where the stress tensor Tµν is
Tµν = gµν
(
P +GXg
αβ∂αX∂βϕ+Gϕg
αβ∂αϕ∂βϕ
)
− (PX + 2Gϕ +GX2ϕ) ∂µϕ∂νϕ− 2GX∂µX∂νϕ.
(3.4)
Varying the action (4.1) with respect to the scalar field ‘ϕ’ leads to the following
equation of motion
(2Gϕ − 2XGXϕ + PX)2ϕ− (PXX + 2GXϕ) ∂µϕ∂µϕ− 2X (Gϕ + PXϕ) + Pϕ
−GX
(
ϕ,µνϕ
µν
, − (2ϕ)2 +Rµν∂µϕ∂νϕ)−GXX (∂µX∂µX + ∂µϕ∂µX 2ϕ) = 0, (3.5)
which can also be obtained by using the conservation of Energy-Momentum tensor,
∇µT µν = 0. Setting G(X,ϕ) = 0 corresponds to non-canonical scalar field. Further,
fixing P = −X − V (ϕ), where V (ϕ) is the potential, corresponds to canonical scalar
field.
The four-dimensional line element in the ADM form is given by,
ds2 = gµνdx
µdxν
= −(N2 −NiN i)dη2 + 2Nidxidη + γijdxidxj, (3.6)
where N(xµ) and Ni(xµ) are Lapse function and Shift vector respectively, γij is the 3-D
space metric. Action (4.1) for the line element (4.6) takes the form,
S =
∫
d4x
√−g
{ 1
2κ
(
(3)R +KijK
ij −K2)+ Lm} (3.7)
where Kij is extrinsic curvature tensor and is defined by
Kij ≡ 1
2N
[
∂0γij −Ni|j −Nj|i
]
K ≡ γijKij
As mentioned in section (1.5.1) and section (2.2), perturbatively expanding the met-
ric only in terms of scalar perturbations and the scalar field about the flat FRW spacetime
in conformal coordinate, we get,
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g00 = −a(η)2(1 + 2φ1 + 2φ2 + ...) (3.8)
g0i ≡ Ni = a(η)2(∂iB1 + 1
2
2∂iB2 + ...) (3.9)
gij = a(η)
2
(
(1− 2ψ1 − 2ψ2 − ...)δij + 2E1ij + 2E2ij + ...
)
(3.10)
ϕ = ϕ0(η) + ϕ1 +
1
2
2ϕ2 + ... (3.11)
where  denotes the order of the perturbation. To determine the dynamics at every
order, we need five scalar functions (φ,B, ψ,E and ϕ) at each order. Since there are two
free gauge choices, one can fix two of the five scalar functions. In this chapter, we derive
all equations by choosing a specific gauge — flat-slicing gauge, i.e., ψ = 0, E = 0 — at
all orders:
g00 = −a(η)2(1 + 2φ1 + 2φ2 + ...) (3.12)
g0i ≡ Ni = a(η)2(∂iB1 + 1
2
2∂iB2 + ...) (3.13)
gij = a(η)
2δij (3.14)
ϕ = ϕ0(η) + ϕ1 +
1
2
2ϕ2 + ... (3.15)
It can be shown that, perturbed equations in flat-slicing gauge coincide with gauge-
invariant equations of motion (in generic gauge, ϕ1 coincides with ϕ1 + ϕ0
′
H
ψ1 ≡ ϕ0′H R
which is a gauge-invariant quantity, R is called curvature perturbation). Similarly, one
can choose another suitable gauge with no coordinate artifacts to obtain gauge-invariant
equations of motion [19]. Such gauges are Newtonian-conformal gauge (B = 0, E = 0),
constant density gauge (E = 0, δϕ = 0), etc.
One immediate question that needs to be addressed in the Hamiltonian formula-
tion is the following: for a given gauge choice, if a particular set of variables are set
to zero, whether the corresponding conjugate momenta also vanish? In other words,
in the flat-slicing gauge δgij = 0, does this mean the corresponding canonical conjugate
momentum δpiij vanish? In order to go about understanding this, in the next section, we
take a simple model of two variables (x and y) where one of the variables is perturbed,
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Langrangian L(ϕi, ∂ϕi)
Hamiltonian H(pii, ϕi)
Perturbed Hamiltonian
Zeroth order equations:
no problem, first order:
not enough information
Gauge issues resolved
Consistent perturbed
equations of motion
Higher order inter-
action Hamiltonian
Legendre transformation
separation of perturbed variables
Extra condition: {δϕ,H2}P ≡ δH2δpim = ˙δϕm = 0
Figure- 3.1: Flow-chart for the proposed Hamiltonian formulation
while the other variable is not perturbed and study the Hamiltonian formulation of
this model. The above flow-chart provides a bird’s eye view of the new Hamiltonian
approach developed in this thesis.
3.3 Simple model: Warm up
As discussed above, in cosmological perturbation theory, by fixing a ‘gauge’, we assume
some field variables to be unperturbed where some variables are perturbed. To go about
understanding the procedure in the Hamiltonian formulation, we consider a simple
classical model that consists of both perturbed and unperturbed variables. We also
show that the Hamilton’s equations of unperturbed as well as perturbed variables are
identical to Euler-Lagrange equations of motion. The Lagrangian of the simple model
is
L = 1
2y
(
(∂tx)
2 + (∂ty)
2
)− 1
4
(
x4 + y4
)
. (3.16)
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The corresponding momenta are
pix =
∂tx
y
, piy =
∂ty
y
, (3.17)
and the corresponding Hamiltonian (3.16) is given by
H = 1
2
y
(
pix
2 + piy
2
)
+
1
4
(
x4 + y4
)
. (3.18)
3.3.1 Perturbed Lagrangian
As mentioned earlier, we consider x to be unperturbed and y to be perturbed, and sep-
arate into background and perturbed parts, i.e.,
x = x0, y = y0 +  y1. (3.19)
where  is the order of perturbation. In this chapter, we mainly focus on first order
perturbation, however, the analysis can be extended to any higher order perturbations.
Using (3.19), we separate the Lagrangian (3.16) into a background part and perturbed
parts, and write it as
L = L0 + L1 + 2L2 + 3L3 + 4L4 + ... (3.20)
where
L0 = 1
2
(∂tx0 )
2y0
−1 +
1
2
(∂ty0 )
2y0
−1 − 1
4
(
x0
4 + y0
4
)
(3.21)
L1 = ∂tx0 ∂ty1 y0−1 − 1
2
(∂tx0 )
2y0
(−2)y1 − 1
2
(∂ty0 )
2y0
(−2)y1 − y03y1 (3.22)
L2 = 1
2
(∂ty1 )
2y0
−1 − ∂ty0 ∂ty1 y0(−2)y1 + 1
2
(∂tx0 )
2y0
(−3)y12 +
1
2
(∂ty0 )
2y0
(−3)y12 − 3
2
y0
2y1
2 (3.23)
L3 = −1
2
(∂ty1 )
2y0
(−2)y1 + ∂ty0 ∂ty1 y0(−3)y12 − 1
2
(∂tx0 )
2y0
(−4)y13 −
1
2
(∂ty0 )
2y0
(−4)y13 − y13y0 (3.24)
L4 = 1
2
(∂ty1 )
2y0
(−3)y12 − ∂ty0 ∂ty1 y0(−4)y13 + 1
2
(∂tx0 )
2y0
(−5)y14 +
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1
2
(∂ty0 )
2y0
(−5)y14 − 1
4
y1
4. (3.25)
Euler-Lagrange equations of motion of x and y for the Lagrangian (3.16) are
∂t
(
∂tx
y
)
+ x3 = 0 (3.26)
∂t
(
∂ty
y
)
= − 1
2y2
(
(∂tx)
2 + (∂ty)
2
)− y3 (3.27)
We perform order-by-order perturbation of the above equation using (3.19) which can
also be obtained by varying the perturbed Lagrangian. Zeroth order equations of x, i.e.,
x0 and y, i.e., x0 are given by
∂t
(
∂tx0
y0
)
+ x30 = 0 (3.28)
∂t
(
∂ty0
y0
)
= − 1
2y02
(
(∂tx0)
2 + (∂ty0)
2
)− y30. (3.29)
One can either perturb the equation (3.27) or vary the second order Lagrangian (3.23)
with respect to y1 to obtain first order perturbed equation of motion of y and is given by
∂t
(
∂ty1
y0
− ∂ty0
y02
y1
)
=
1
y03
(
(∂tx0)
2 + (∂ty0)
2
)
y1 − ∂ty0
y02
∂ty1 − 3y02y1. (3.30)
In the next subsection, we explicitly write down the perturbed equations using Hamil-
tonian (4.15).
3.3.2 Perturbed Hamiltonian
It is important to note that even though x is not perturbed, pix contains both perturbed
and unperturbed parts. Using (3.19), the following relations can easily be established1
pix = pix0 + pix1 (3.31)
1It is apparent from equations (3.17) that only first order perturbation of y can produce any higher
order perturbed momenta of x and y and it is given by
pix = pix0 + pix1 + 
2pix2...
piy = piy0 + piy1 + 
2piy2...
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piy = piy0 + piy1 (3.32)
where
pix0 =
∂tx0
y0
, pix1 = −y1
y0
pix0 (3.33)
piy0 =
∂ty0
y0
, piy1 =
∂ty1
y0
− y1
y0
piy0 (3.34)
Using (3.19), (3.31) and (3.32), Hamiltonian of the system (4.15) can be written as
H = H0 + H1 + 2H2 + 3H3 + 4H4 + ... (3.35)
where
H0 = 1
2
y0
(
pix0
2 + piy0
2
)
+
1
4
(
x0
4 + y0
4
)
(3.36)
H1 = 1
2
pix0
2y1 + pix0pix1y0 +
1
2
piy0
2y1 + piy0piy1y0 + y0
3y1 (3.37)
H2 = y1 (pix0pix1 + piy0piy1) + 1
2
y0
(
pix1
2 + piy1
2
)
+
3
2
y0
2y1
2 (3.38)
H3 = 1
2
y1
(
pix1
2 + piy1
2
)
+ y1
3y0 (3.39)
H4 = 1
4
y1
4 (3.40)
Using (3.36), we obtain zeroth order Hamilton’s equations
∂tx0 = y0pix0, ∂tpix0 = −x03 (3.41)
∂tx0 = y0piy0, ∂tpiy0 = −1
2
(
(pix0
2 + piy0
2
)− y03 (3.42)
Using (3.38), first order Hamilton’s equations are
where
pix0 =
dtx0
y0
, pix1 = −y1
y0
pix0, pix2 = −y1
y0
pix1, pix3 = −y1
y0
pix2 ...
piy0 =
dty0
y0
, piy1 =
dty1
y0
− y1
y0
piy0, piy2 = −y1
y0
piy1, piy3 = −y1
y0
piy2 ...
Since we are not interested in higher order perturbation theory, we neglect higher order momenta and
consider only first order momenta in calculating correlation functions.
82 Chapter 3. Hamiltonian formalism of cosmological perturbation theory
∂H2
∂pix1
= 0 ⇒ pix0y1 + pix1y0 = 0 (3.43)
∂ty1 =
∂H2
∂piy1
= piy0y1 + piy1y0 (3.44)
∂tpiy1 = − (pix0pix1 + piy0piy1)− 3y02y1 (3.45)
Equation (3.43) gives explicit expression for pix1 and leads to identical expression
as in (3.31). It can easily be verified that, zeroth order equations (3.41) and (3.42) are
identical to equations (3.28) and (3.29), respectively, where (3.43), (3.44) and (3.45) lead
to the equivalent equation of motion of y1 (3.30).
To compare the the above expression with that from the Lagrangian formulation, we
rewrite the above expressions using (3.31) and (3.31). We get
H0 = 1
2
(∂tx0 )
2y0
−1 +
1
2
(∂ty0 )
2y0
−1 +
1
4
x0
4 +
1
4
y0
4 (3.46)
H1 = −1
2
(∂tx0 )
2y0
(−2)y1 − 1
2
(∂ty0 )
2y0
(−2)y1 + ∂ty0 ∂ty1 y0−1 +
y0
3y1 (3.47)
H2 = −1
2
(∂tx0 )
2y0
(−3)y12 − 1
2
(∂ty0 )
2y0
(−3)y12 +
1
2
(∂ty1 )
2y0
−1 +
3
2
y0
2y1
2 (3.48)
H3 = 1
2
(∂tx0 )
2y0
(−4)y13 +
1
2
(∂ty0 )
2y0
(−4)y13 − ∂ty0 ∂ty1 y0(−3)y12 +
1
2
(∂ty1 )
2y0
(−2)y1 + y13y0 (3.49)
H4 = 1
4
y1
4 (3.50)
It is important to note that, only the third order perturbed Hamiltonian is negative
of the third order Lagrangian, i.e.,
H3 = −L3. (3.51)
Explicit forms of Interaction Hamiltonians can be obtained using perturbed parts of
the Lagrangian [84] and using (3.23), (3.24) and (3.25), it can be verified that, both ap-
proaches lead to the identical results. In this approach, to obtain nth order interaction
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Hamiltonian, the Lagrangian is expanded up to nth order perturbation and by varying
the Lagrangian, the momentum corresponding to the perturbed quantity is obtained
as a non-linear combination of time derivative of the field. Using perturbation tech-
niques, this relation is inverted and the time derivative of the field is written in terms
of non-linear combination of corresponding momentum. Perturbed Hamiltonian corre-
sponding to the perturbed parts of the Lagrangian is obtained by using the conventional
definition of Hamiltonian asH = pi ϕ˙−L and ϕ˙ is replaced by the above relation. Once
the perturbed Hamiltonian is obtained in terms of field variable and conjugate momen-
tum, to calculate correlation functions, the momentum in the Hamiltonian is replaced
in terms of time derivative of the field and in this time, the linear relation of momentum
and time derivative of the field is used. The above procedure is rather cumbersome and
involves series of approximations. Since we start with the general Hamiltonian, our
approach is very straightforward and efficient.
As mentioned earlier, while we focus on first order perturbations, our approach can
easily be extended to any higher order perturbation, e.g., to obtain second order equa-
tions of motion of field variables, we have to consider up to second order field pertur-
bation and its corresponding momentum up to second order and calculate the fourth
order perturbed Hamiltonian. Since, we already have obtained zeroth and first order
equations, second order perturbed field equations are obtained by varying fourth or-
der perturbed Hamiltonian with respect to second order perturbed variables and their
corresponding momenta.
3.4 Canonical scalar field
In order to show the advantages of the Hamiltonian formulation, we first focus on
canonical scalar field. The action (3.7) for canonical scalar field in the ADM formula-
tion is
SC =
∫
d4x
[
N
γ
1
2
2κ
(
(3)R +KijK
ij −K2)+ 1
2
N−1γ
1
2 (∂0ϕ )
2 −N i∂0ϕ∂iϕN−1γ 12
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− 1
2
Nγij∂iϕ∂jϕγ
1
2 +
1
2
N iN j∂iϕ∂jϕN
−1γ
1
2 −NV γ 12
]
. (3.52)
To obtain the equations of motion of all variables, one can simply use the Einstein’s
equation or one can directly vary the action with respect to field variables. 0-0 and
0-i components of the Einstein’s equations represent the equations of motion of g00
and g0i, which is N and N i respectively. Hence, the above two equations are identi-
cal to Hamiltonian and Momentum constraints respectively and i-j component of the
Einstein’s equations and conservation of Energy-Momentum tensor lead to equation of
motion of 3-metric and matter field, respectively. In the rest of this section, we will use
the definitions (4.8), (4.9), (4.10) and (4.11) in the the above equations to obtain perturbed
equations of motion of gravitational field variables at all order. In Appendix (B.1), we
derive zeroth and first order perturbed field equations of canonical scalar field and in
the following subsection, we apply the procedure discussed in section (3.3) to canon-
ical scalar field model to obtain consistent equations of motion as well as interaction
Hamiltonian using Hamiltonian formulation.
3.4.1 Hamitonian formulation
Conjugate momenta of all field variables γij, ϕ, N and N i are defined as
piij ≡ δL
δγ˙ij
, piϕ ≡ δL
δϕ˙
, piN ≡ δL
δN˙
, pii ≡ δL
δN˙ i
. (3.53)
Using the action (3.52), conjugate momenta are given by
piij =
1
2
κ−1γ
1
2 (γijγkl − γikγjl)Kkl (3.54)
piϕ = N
−1γ
1
2ϕ′ −N i∂iϕN−1γ 12 (3.55)
ΦN ≡ piN = 0, ΦN ii ≡ pii = 0. (3.56)
From equation (3.56), it is apparent that, for canonical scalar field, Lapse function
N and shift vector N i are constraints and behave like Lagrange multipliers and it gives
4-primary constraint relations. Inverse relations of equations (3.54) and (3.55) are
γ′mn = γnkN
k |m + γmkNk |n − 2NKmn, Kij ≡ κγ− 12 (γijγkl − 2 γikγjl)pikl (3.57)
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ϕ′ = Npiϕγ−
1
2 +N i∂iϕ (3.58)
Using the above definitions of canonical momenta and (3.52), we get the Hamilto-
nian density of the system
HC = piijγ′ij + piϕϕ′ − L
= γjk∂iN
k piij +Nk∂kγij pi
ij + γik∂jN
k piij −Nγijγklκpiklpiijγ− 12 +
2Nγik γjl κpi
klpiijγ−
1
2 +
1
2
Npiϕ
2γ−
1
2 +N ipiϕ∂iϕ − 1
2
N (3)Rγ
1
2κ−1 +
1
2
Nγij∂iϕ∂jϕγ
1
2 +NV γ
1
2 . (3.59)
Since the action (3.52) has diffeomorphism-invariance, Hamiltonian (3.59) vanishes
identically, i.e.,
HC = 0.
Evolution of primary constraints vanishes weakly and gives rise to four secondary con-
straints: one Hamiltonian constraint due to HN ≡ dΦNdt = {piN ,HC} ≡ − δHCδN ≈ 0 and
three Momentum constraints due toHi ≡ dΦ
Ni
i
dt
= {pii,HC} ≡ − δHCδN i ≈ 0 .
HN ≡ Nκγ− 12 (2γik γjl − γijγkl)κpiklpiij + 1
2
Npiϕ
2γ−
1
2
− 1
2
N (3)Rγ
1
2κ−1 +
1
2
Nγij∂iϕ∂jϕγ
1
2 +NV γ
1
2 ≈ 0 (3.60)
Hi ≡ −2∂kγijpijk + pijk∂iγjk + piϕ∂iϕ ≈ 0. (3.61)
Hamiltonian density can be written in terms Hamiltonian and Momentum con-
straint as
HC = NHN +N iHi ≈ 0. (3.62)
3.4.1.1 Zeroth order Hamilton’s equations
Using γij = a2δij and all background quantities being independent of spatial coordi-
nates, Hamiltonian density (3.59) becomes
HC0 = 2N0 a κ (δikδjl − δijδkl)pi0ijpi0kl +
1
2
N0piϕ0
2a(−3) +N0V a3 ≈ 0. (3.63)
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At zeroth order, conjugate momentum of a, pia ≡ δLδa˙ is directly related with pi0ij by the
simple relation pi0ij = 16apiaδ
ij, pia = 2aδijpi0
ij . The zeroth order Hamiltonian (3.63), in
terms of pia takes the simple form
HC0 = N0
[
− 1
12
κpia
2a−1 +
1
2
piϕ0
2a(−3) + V a3
]
≡ N0 (0)HN . (3.64)
The terms inside the bracket in the right hand side is the Hamiltonian constraint. At
zeroth order it is independent of N0. So, as we have mentioned earlier, N0 cannot be
determined uniquely and we can choose it arbitrarily. In this chapter, we use comoving
coordinate, N0 = a.
Varying the Hamiltonian (3.64) with respect to the momenta, we get
a′ = −1/6N0κpiaa−1 (3.65)
⇒ pia = −6aa′N−10 κ−1 ⇒ pi0ij = −N0−1κ−1a′ δij (3.66)
ϕ′0 = N0piϕ0a
(−3) (3.67)
Hamiltonian constraint in conformal or comoving coordinate in terms of field deriva-
tives is
HN0 ≡ − 1
12
κpia
2a−1 +
1
2
piϕ0
2a(−3) + V a3 = 0 (3.68)
⇒ −3κ−1H2 + 1
2
ϕ′0
2 + V a2 = 0, where H ≡ a
′
a
(3.69)
Variation of the Hamiltonian with respect to the field variables and relating with
the time derivatives of the momenta lead to the dynamical equation of motion of the
field variables. Hence, equation of motion of a in comoving coordinate in terns of field
derivatives becomes
pi′a +
δHC0
δa
= 0
⇒ pi′a +
1
12
N0κpia
2a(−2) − 3
2
N0piϕ0
2a(−4) + 3N0V a2 = 0 (3.70)
⇒ 3κ−1H2 − 6 a
′′
a
κ−1 − 3
2
ϕ′0
2a+ 3V a2 = 0. (3.71)
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Similarly, the equation of motion of ϕ0 takes the form
piϕ0
′ +N0Vϕ a3 = 0 (3.72)
⇒ ϕ′′0 + 2H ϕ′0 + Vϕ a2 = 0. (3.73)
The three equations (3.69), (3.71) and (3.73) are, as expected, identical to the equations
(B.1), (B.2) and (B.3) respectively.
3.4.1.2 First order perturbed Hamilton’s equation
As mentioned earlier, we consider flat-slicing gauge, hence there is no perturbation in
the 3-metric, i.e., δgij = 0. As we pointed out in the simple model, while x is treated
as unperturbed, pix is non-zero. In the flat-slicing gauge, there is no perturbation in the
3-metric, however, canonical conjugate momentum corresponding to 3-metric will have
non-zero perturbed contributions. This becomes transparent if we perturb (3.54), i.e.,
δpimn =
1
2
κ−1γ
1
2 (γmnγkl − γmkγnl)δKkl.
Hence, perturbed part of Kij , i.e., δKij is not zero and it contributes to the perturbed
part of piij , i.e., δpiij .
We can separate unperturbed and perturbed parts of field variables and their corre-
sponding momenta as
N = N0 + N1, N
i = N i1, ϕ = ϕ0 + ϕ1 (3.74)
piij = pi0
ij + piij1 , piϕ = piϕ0 + piϕ1 (3.75)
Comparing (4.8) and (4.9) with N1 and N i1, we obtain
N1 = a φ1, N
i
1 = δ
ij ∂ijB1 (3.76)
The second order Hamiltonian density can be obtained by substituting (4.27) and
(4.28) in (3.59)
HC2 = δij∂kN1j pi1ika2 + δij∂kN1j pi1ika2 −N0δijδklκpi1ijpi1kla−
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2N1δijδklκpi0
ijpi1
kla+ 2N0δijδklκpi1
ikpi1
jla+ 4N1δijδklκpi0
ikpi1
jla+
1
2
N0piϕ1
2a(−3) +N1piϕ0piϕ1a(−3) +N1ipiϕ0∂iϕ1 +
1
2
N0δ
ij∂iϕ1 ∂jϕ1 a+N1Vϕ a
3ϕ1 +
1
2
N0Vϕϕ ϕ1
2a3. (3.77)
Since there is no perturbation in the 3-metric γij , variation with respect to pi
ij
1 gives
rise to a separate constraint equation from which we can extract the derived value of
piij1 .
δHC2
δpiij1
= 0 (3.78)
⇒ δnj∂mN1j a2 + δmj∂nN1j a2 − 2N0δmnδklκpi1kla+ 4N0δmkδnlκpi1kla−
2N1δmnδklκpi0
kla+ 4N1δmkδnlκpi0
kla = 0. (3.79)
Multiplying above expression with (δmnδij − δmiδnj) gives
piij1 =
1
2
N0
−1κ−1aδij∂kN1k − 1
4
N0
−1κ−1aδki∂kN1j − 1
4
N0
−1κ−1aδkj∂kN1i
−N0−1N1pi0ij. (3.80)
The relation of time derivative of perturbed matter field ϕ1 and conjugate momen-
tum of ϕ1, (piϕ1) are
ϕ′1 =
δHC2
δpiϕ1
⇒ ϕ′1 = N0piϕ1a(−3) +N1piϕ0a(−3). (3.81)
In the conformal coordinate, the perturbed Hamiltonian constraint is obtained by
varying the second order perturbed Hamiltonian density (3.77) with respect to per-
turbed Lapse function N1. Using above relations for the momenta with the time deriva-
tives of the field variables and (3.76), the perturbed Hamiltonian constraint becomes
δHC2
δN1
= 0 (3.82)
⇒ 2 δijH ∂ijB1 κ−1 + 6φ1κ−1H2 + ϕ′0 ϕ′1 −
φ1ϕ
′
0
2 + Vϕ a
2ϕ1 = 0. (3.83)
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Similarly, Momentum constraint is given by
Mi ≡ δH
C
2
δN i1
= 0 (3.84)
⇒ ϕ′0 ∂iϕ1 − 2H ∂iφ1 κ−1 = 0. (3.85)
and the equation of motion of the perturbed scalar field ϕ1 becomes
piϕ1
′ +
δHC2
δϕ1
= 0 (3.86)
⇒ ϕ′′1 + 2H ϕ′1 − φ′1 ϕ′0 + 2Vϕ φ1a2 − δijϕ′0 ∂ijB1
− δij∂ijϕ1 + Vϕϕ a2ϕ1 = 0. (3.87)
Equation (3.83), (3.85) and (3.87) are identical to the equations (B.4), (B.5) and (B.7),
respectively.
This is a very important result. Unlike Lagrangian formalism, choosing a gauge
in Hamiltonian formalism is not trivial. But using the above simple mechanism, it is
possible to construct the perturbed Hamiltonian and its equations of motion and can
now be treated in the same manner as Lagrangian formalism. It can, even, be extended
to any order of perturbation, e.g., to obtain second order equations of motion of field
variables, we have to extend the Hamiltonian at fourth order perturbation in terms of
second order field variables and the second order momenta and vary the Hamiltonian
with respect to second order variables and its conjugate momenta. At second order, in
flat-slicing gauge, we will again obtain a constraint equation ∂H4
∂piij2
= 0 that will give the
expression of piij2 .
Our proposed mechanism works for any other arbitrary gauge also. In Appendix
(B.2), we obtain all consistent perturbed and unperturbed Hamilton’s equations for
Canonical scalar field in uniform density gauge. This mechanism can be applied to
any generalized first order derivative theory like non-canonical scalar field.
3.4.1.3 Single variable-Momentum Hamiltonian
Since the second order Hamiltonian holds the dynamics of first order perturbed vari-
ables, we can obtain a single variable-single momentum effective Hamiltonian of the
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background and constraint equations, and replacing background momenta in terms of
time derivatives of the fields. Substituting piij1 using (3.80) and pi0ij and piϕ0 in the second
order Hamiltonian and using (3.76), we get
HC2 =
1
2
δijδkl∂ijB1 ∂klB1 κ
−1a2 − 1
2
δijδkl∂ikB1 ∂jlB1 κ
−1a2 + 2 δijH ∂ijB1 φ1κ−1a2
+ 3κ−1H2φ12a2 +
1
2
piϕ1
2a(−2) + piϕ1ϕ′0 φ1 + δ
ijϕ′0 ∂iB1 ∂jϕ1 a
2
+
1
2
δij∂iϕ1 ∂jϕ1 a
2 + Vϕ φ1a
4ϕ1 +
1
2
Vϕϕ ϕ1
2a4 (3.88)
First and second terms in the right hand side lead to boundary term. Moreover,
performing integration by-parts to the seventh term and substituting
φ1 =
κ
2H
ϕ′0 ϕ1
in the Hamiltonian, we get
HC2 =
3
4
κϕ′0
2ϕ1
2a2 +
1
2
piϕ1
2a(−2) +
κ
2H
piϕ1ϕ
′
0
2ϕ1 +
1
2
δij∂iϕ1 ∂jϕ1 a
2
+
κ
2H
Vϕ ϕ
′
0 ϕ1
2a4 +
1
2
Vϕϕ ϕ1
2a4 (3.89)
This is the single variable-single momentum Hamiltonian density (ϕ1, piϕ1). Further,
this can be expressed in terms of Mukhanov-Sasaki variable-Momentum2 form. In flat-
slicing gauge, Mukhanov-Sasaki variable u1 = aϕ1, hence,
piϕ1 = apiu1.
Hence the Hamiltonian in terms of Mukhanov-Sasaki variable and its conjugate mo-
menta takes the form3
2 Mukhanov-Sasaki variable is also a gauge invariant quantity related to curvature perturbation. At
first order, it is given by
u1 =
aϕ′0
H
R1.
3Lagrangian can be written as
L = piϕϕ′ −H,
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Hu2 = HC2 (u) +
a′
a
piu1u1
=
3
4
κu1
2ϕ′0
2 +
1
2
piu1
2 +
1
2
piu1u1κϕ
′
0
2H−1 +
1
2
δij∂iu1 ∂ju1
+
1
2
κVϕ ϕ
′
0 u1
2H−1a2 +
1
2
Vϕϕ u1
2a2 +H piu1u1. (3.90)
One can verify that the equation of motion of u1 becomes
u′′1 −∇2u1 −
z′′
z
u1 = 0, where z ≡ aϕ
′
0
H
.
3.4.1.4 Interaction Hamiltonian for calculating higher order correlations
Expanding Hamiltonian (3.59) to third order, we obtain third order Interaction Hamil-
tonian whose explicit form in phase space is given in Appendix (B.1.3). Replacing the
momenta in terms of terms of time derivatives of the fields, interaction Hamiltonian for
canonical scalar field becomes
HC3 = −
1
2
δijδkl∂ijB1 ∂klB1 φ1κ
−1a2 − 2 δijH ∂ijB1 κ−1φ12a2 − 3κ−1H2φ13a2 +
1
2
δijδkl∂ikB1 ∂jlB1 φ1κ
−1a2 +
1
2
φ1ϕ
′
1
2a2 − ϕ′0 ϕ′1 φ12a2 +
1
2
ϕ′0
2φ1
3a2 +
δijϕ′1 ∂iB1 ∂jϕ1 a
2 − δijϕ′0 ∂iB1 ∂jϕ1 φ1a2 +
1
2
δij∂iϕ1 ∂jϕ1 φ1a
2 +
1
2
Vϕϕ φ1ϕ1
2a4 +
1
6
Vϕϕϕ ϕ1
3a4. (3.91)
Changing of variables ϕ→ ua , piϕ → apiu leaves the Lagrangian unchanged. Hence,
L = apiu
(
u′
a
− a
′
a2
u
)
−H
= piuu
′ − a
′
a
upiu −H
Hence the new Hamiltonian in terms of u and piu takes the form
Hu = H(u) + a
′
a
upiu
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It can be verified that (3)HC = −(3)LC . Similarly, fourth order Interaction Hamilto-
nian for canonical scalar field takes the form
HC4 =
1
6
φ1Vϕϕϕ ϕ1
3a4 +
1
24
Vϕϕϕϕ ϕ1
4a4 (3.92)
which is independent of kinetic part (time derivatives of fields) of the field. This can
be verified by looking at the Hamiltonian (3.59). Terms containing momenta only con-
tribute up to third order Hamiltonian in flat-slicing gauge since γij is unperturbed in
flat-slicing gauge. Hence, fourth or higher order perturbed Hamiltonian is independent
of the kinetic part of the fields. Furthermore, the higher order interaction Hamiltonian
can be expressed as single variable form by using constrained equations (3.83) and (3.85)
[85, 86, 87].
3.5 Galilean single scalar field model
In the action (4.2), G(X,ϕ) 6= 0 leads to Galilean field where action contains second
derivative terms of the field variables. In this chapter, to simplify our calculations,
we take a specific and simple form of the Galilean model with P (X,ϕ) = −V (ϕ) and
G(X,ϕ) = −2X , i.e.,
SG =
∫
d4x
√−g
[
1
2κ
R− gµν∂µϕ∂νϕ2ϕ− V (ϕ)
]
≡
∫
LG d4x. (3.93)
Zeroth and first order perturbed Euler-Lagrange equations of motion are provided
in Appendix (B.3).
3.5.1 Hamiltonian formulation of the Galilean scalar field
Hamiltonian formulation of Higher derivative fields is not unique and there exist sev-
eral ways [74, 92, 88, 93, 94, 75] to rewrite the Hamiltonian as there are infinite ways to
absorb the higher derivative terms. For our case, one easy way is to let S ≡ 2ϕ and
re-write the action (3.93) as
SG =
∫
d4x
√−g
[
1
2κ
R− 1
2
gµν∂µϕ∂νϕS − V (ϕ)
]
+
∫
d4x λ (S −2ϕ) . (3.94)
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where λ is the Langrange multiplier whose variation leads to S = 2ϕ. Since2ϕ appears
linearly in the action, we can rewrite the action in terms of first order derivatives of the
fields by performing integration by-parts as
SG =
∫
d4x
√−g
[
1
2κ
R− 1
2
gµν∂µϕ∂νϕS − V (ϕ)
]
+
∫
d4x λ (S −2ϕ)
= ...+
∫
d4x
[
λS − λ gµν (∂µνϕ− Γαµν ∂αϕ)]
= ...+
∫
d4x
[
λS + λ gµν Γαµν ∂αϕ+ g
µν∂µϕ∂νλ+ λ ∂νg
µν∂µϕ
]
+ Boundary term
=
∫
d4x
√−g
[
1
2κ
R− 1
2
gµν∂µϕ∂νϕS − V (ϕ)
]
+
∫
d4x[λS + λ gµν Γαµν ∂αϕ+
gµν∂µϕ∂νλ+ λ ∂νg
µν∂µϕ ]. (3.95)
Although the action, now, contains extra variables λ and S, action (3.93) and (3.95) lead
to equivalent equations of motion. Since, the action (3.95) contains no double derivative
terms, we can construct the Hamiltonian of the system.
Using the line element (4.6), the action (3.95) can be decomposed and rewritten as
SG ≡
∫
LG d4x =
∫
d4x (Sλ−NV γ 12 + γij∂iλ∂jϕ + λ∂iγij ∂jϕ − λ′ ϕ′N (−2) + 1
2
N (3)Rγ
1
2κ−1 +
N iλ′ ∂iϕN (−2) +N iϕ′ ∂iλN (−2) + SN−1γ
1
2ϕ′ 2 + λN ′ ϕ′N (−3) −N iN j∂iλ∂jϕN (−2) −
N iλN ′ ∂iϕN (−3) −N iλϕ′ ∂iN N (−3) + γijγklλ∂iγjk ∂lϕ − 1
2
γijγklλ∂iγkl ∂jϕ +
1
2
γijλγij
′ ϕ′N (−2) − γijλ∂iN ∂jϕN−1 −NSγij∂iϕ∂jϕγ 12 +N iN jλ∂iN ∂jϕN (−3) −
2N iSϕ′ ∂iϕN−1γ
1
2 − 1
2
N iγjkλγjk
′ ∂iϕN (−2) − 1
2
N iγjkλϕ′ ∂iγjkN (−2) −
1
2
KijKklNγijγklγ
1
2κ−1 +
1
2
KijKklNγikγjlγ
1
2κ−1 +N iN jS∂iϕ∂jϕN−1γ
1
2 +
1
2
N iN jγklλ∂iγkl ∂jϕN
(−2)). (3.96)
Momenta corresponding to the variables are defined as
piij =
δSG
δγij ′
piN =
δSG
δN ′
pii =
δSG
δN i′
piϕ =
δSG
δϕ′
piλ =
δSG
δλ′
piS =
δSG
δS ′
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Using the action (3.96), we obtain the following relations:
piij =
1
2
κ−1γ
1
2 (γmnγkl − γmkγnl)Kkl + 1
2
γmnλϕ′N (−2) − 1
2
N i∂iϕλN
(−2)γmn (3.97)
piϕ = −λ′N (−2) +N i∂iλN (−2) + 2SN−1γ 12ϕ′ + λN ′N (−3) −N iλ∂iN N (−3)
+
1
2
γijλγij
′N (−2) − 2N iS∂iϕN−1γ 12 − 1
2
N iγjkλ∂iγjkN
(−2) (3.98)
piλ = −ϕ′N (−2) +N i∂iϕN (−2) (3.99)
piN = ϕ
′ λN (−3) −N iλ∂iϕN (−3)
= −λN−1piλ (3.100)
pii = 0 (3.101)
piS = 0. (3.102)
Equations (3.97), (3.98) and (3.99) are invertible and ∂0γij , ∂0λ and ∂0ϕ can be written
in terms of piij , piϕ and piλ as
γmn
′ = γnkNk |m + γmkNk |n − 2NKmn (3.103)
Kij = κγ
−1/2(γijγmn − 2 γimγjn)pimn + 1
2
γijλpiλ (3.104)
ϕ′ = N i∂iϕ−N2piλ (3.105)
λ′ = N2(−piϕ + 2SN−1γ1/2ϕ′ − 2N iS∂iϕN−1γ1/2 +N i∂iλN (−2) + λN ′N (−3)
−N iλ∂iNN (−3) + 1
2
γijλγ′ijN
(−2) − 1
2
N iγjkλ∂iγjkN
(−2)). (3.106)
Hence the Hamiltonian density is given by
HG = piijγ′ij + piϕϕ′ + piλλ′ + piNN ′ − LG. (3.107)
Using the action (3.96) and (3.103), (3.104), (3.105) (3.106) and (3.100), the Hamilto-
nian density becomes
HG = −Sλ+NV γ 12 +N ipiλ∂iλ +N ipiϕ∂iϕ − piλpiϕN2 + piλλ∂iN i + 2γij∂kN i pijk +
γijλ∂iN ∂jϕN
−1 − γij∂iλ∂jϕ − λ∂iγij ∂jϕ − 1
2
N (3)Rγ
1
2κ−1 − SN3piλ2γ
1
2 −
3
4
Nκpiλ
2γ−
1
2λ2 −N ipiλλ∂iN N−1 +N i∂iγlm pilm −N i∂lγim pilm +
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N i∂mγil pi
lm − γijγklλ∂iγjk ∂lϕ + 1
2
γijγklλ∂iγkl ∂jϕ +NSγ
ij∂iϕ∂jϕγ
1
2 −
Npiλγijκλpi
ijγ−
1
2 + 2Nγijγklκpi
ikpijlγ−
1
2 −Nγijγklκpiijpiklγ− 12 . (3.108)
Since piN does not appear in the Hamiltonian, complete dynamics of the fields are
obtained from the Dirac Hamiltonian
HD = HG + ξ
(
piN +
λ
N
piλ
)
. (3.109)
The above Dirac-Hamiltonian can be used to obtain the perturbed equations of mo-
tion.
3.5.1.1 Background equations
At zeroth order, field variables are defined as
N = N0, N
i = 0, γij = a
2δij, S = S0, λ = λ0, ϕ = ϕ0
piij = pi0
ij, piN = piN0, piϕ = piϕ0, piλ = piλ0. (3.110)
Using the above relations, the Dirac-Hamiltonian (3.109) takes the form
HD0 = −S0λ0 +N0V0a3 − piλ0piϕ0N02 − S0N03piλ02a3 − 3
4
N0κpiλ0
2λ0
2a(−3) −
1
2
N0piapiλ0κλ0a
(−2) − 1
12
N0κpia
2a−1 + ξ0
(
piN0 + piλ0λ0N0
−1) . (3.111)
Since the momentum corresponding to S does not appear in the Hamiltonian (3.111),
variation of the Hamiltonian with respect to S leads to the first secondary constraint and
it is given by
λ0 = −N03piλ02a3 (3.112)
and varying the Dirac-Hamiltonian with respect to ξ0 recovers the primary constraint
piN0 = −λ0piλ0N−10 . (3.113)
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The Hamilton’s equations which relate time variation of the field variables with mo-
menta, are given by
ϕ0
′ = −piλ0N20 (3.114)
a′ = −1
6
N0κa
−1pia − 1
2
N0piλ0κλ0a
(−2) (3.115)
N0
′ = ξ0 (3.116)
λ0
′ = −piϕ0N02 − 2S0N03piλ0a3 − 3
2
N0κpiλ0λ0
2a(−3) −
1
2
N0piaκλ0a
(−2) + λ0N0−1ξ0 (3.117)
which relate the momenta and time derivatives of the fields. The above relations are
invertible and all momenta can be written in terms of the time derivatives of the field
variables. Hamilton’s equations corresponding to the time variation of momenta are
given by:
pia
′ = −3N0V0a2 + 3S0N03piλ02a2 − 9
4
N0κpiλ0
2λ0
2a(−4) −N0piapiλ0κλ0a(−3)
− 1
12
N0κpia
2a(−2) (3.118)
piλ0
′ = S0 − 3 piλ0a′ a−1 − piλ0∂0N0N0−1 (3.119)
piN0
′ = −V0a3 + 2 piλ0piϕ0N0 + 3S0N02piλ02a3 + 3
4
κpiλ0
2λ0
2a(−3)
+
1
2
piapiλ0κλ0a
(−2) +
1
12
κpia
2a−1 + piλ0λ0N0(−2)ξ0 (3.120)
piϕ0
′ = −N0Vϕa3. (3.121)
which, by using other background Hamilton’s equations, lead to the identical dynami-
cal equations of motion of the field variables obtained from action formulation. Using
background Hamilton’s equations in conformal time coordinate, equation (3.119) be-
comes
S0 = −2H ϕ′0 a(−2) − ϕ′′0 a(−2). (3.122)
Variation of action (3.94) or (3.95) with respect to λ lead to S = 2ϕ. At zeroth order,
2ϕ = −2H ϕ′0 a(−2) − ϕ′′0 a(−2) implying that the dynamical equation (3.122) obtained
using Hamiltonian formulation is consistent. Similarly, equation (3.120) leads to the
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zeroth order Hamiltonian constraint of the Galilean scalar field model. In conformal
time, it is given by
V0a
2 − 6H a(−2)ϕ′0 3 − 3κ−1H2 = 0 (3.123)
Equations (3.118) and (3.121) lead to the equation of motion of a and ϕ0 respectively
and are given by
6H ϕ′0
3a(−2) − 6ϕ′′0 ϕ′0 2a−2 + 3κ−1H2 − 6 a′′ a−1κ−1 + 3V0a2 = 0 (3.124)
1
2
ϕ′0
2 a′′ a−1H−1 − H
2
ϕ′0
2 + ϕ′′0ϕ
′
0 −
1
12
VϕH
−1a4 = 0. (3.125)
Equations (3.123), (3.124) and (3.125) are identical to the Lagrangian equations (B.17),
(B.18) and (B.19), respectively. Hence, at zeroth order, Hamiltonian formulation is con-
sistent with Lagrangian formulation.
Counting scalar degrees of freedom at zeroth order: As one can see in (3.111), back-
ground phase space contains 10 variable (a, N, ϕ0, λ0, S0 and corresponding momenta).
There are two primary constrained equations:
Φ1p ≡ piS0 = 0 (3.126)
Φ2p ≡ piN0 + λ0piλ0N−10 = 0 (3.127)
Conservation of primary constraints gives rise to secondary constraints:
Φ1s ≡ {Φ1p,HD0} ≈ 0 ⇒ λ0 +N03piλ02a3 ≈ 0 (3.128)
Φ2s ≡ {Φ2p,HD0} ≈ 0 ⇒ −V0a3 + piλ0piϕ0N0 +
3
4a3
κpiλ0
2λ0
2 +
1
12 a
κpi2a
+
κ
2 a2
N0piapiλ0λ0 = 0 (3.129)
Equation (3.129) leads to zeroth order Hamiltonian constraint and is equivalent to
equation (B.16). Further, conservation of secondary constraint (3.128) leads to tertiary
constraint
Φt ≡ {Φ1s,HD0} ≈ 0 ⇒ piϕ0 − κN20piλ02a− 3κN20piλ03λ0 = 0 (3.130)
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and generates quaternary constraint
Φq ≡ {Φt,HD0} ≈ 0 (3.131)
⇒ S0
(−2κN20piλ0a+ 15κN50piλ05piaa)−N0Vϕ − 52κ2N30piλ03λ0a−2
+
5
6
κ2N30piλ0
2piaa
−1 + 18κ2N60piλ0
6λ0 + 6κ
2N60piλ0
6piaa = 0 (3.132)
Out of the 6 constrained equations, equations (3.127) and (3.129) are first class and
rest are second class constraints. Hence, in coordinate space, number of degrees of
freedom is
1
2
× (10− 2× 2− 4) = 1
which is same as canonical scalar field model.
3.5.1.2 First order perturbed equations
The first order perturbation of the field variables and the momenta are defined as
N = N0 + N1, N
i = N i1, γij = a
2δij, S = S0 + S1,
λ = λ0 + λ1, ϕ = ϕ0 + ϕ1 pi
ij = pi0
ij + piij1 , piN = piN0 + piN1,
piϕ = piϕ0 + piϕ1, piλ = piλ0 + piλ1. (3.133)
First order perturbed Hamiltonian equations are obtained by varying the second
order perturbed Hamiltonian. Using above definitions of perturbations in the Hamilto-
nian (3.109), the second order perturbed Hamiltonian becomes
HD2 = −S1λ1 +N1Vϕa3ϕ1 + 1
2
N0Vϕϕϕ1
2a3 +N1
ipiλ0∂iλ1 +N1
ipiϕ0∂iϕ1 −
2N0N1piλ0piϕ1 − 2N0N1piλ1piϕ0 − piλ1piϕ1N02 + piλ1λ0∂iN1i + piλ0λ1∂iN1i −
δij∂iλ1 ∂jϕ1 a
(−2) − S0N03piλ12a3 − 6N1piλ0piλ1S0N02a3 − 3N0S0N12piλ02a3 −
2 piλ0piλ1S1N0
3a3 − 3N1S1N02piλ02a3 − 3
4
N0κpiλ0
2λ1
2a(−3) −
3
4
N0κpiλ1
2λ0
2a(−3) − 3
2
N1κλ0λ1piλ0
2a(−3) − 3
2
N1piλ0piλ1κλ0
2a(−3) +
δijλ0∂iN1 ∂jϕ1N0
−1a(−2) +N0S0δij∂iϕ1 ∂jϕ1 a−N0piλ1δijκλ0pi1ija−1 −
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N1piλ0δijκλ0pi1
ija−1 −N1piλ1δijκλ0pi0ija−1 −N0piλ0δijκλ1pi1ija−1 −
N1piλ0δijκλ1pi0
ija−1 −N0δijδklκpi1ijpi1kla− 2N1δijδklκpi0ijpi1kla+
4N1δijδklκpi0
ikpi1
jla+ piN1ξ1 −N1piλ0λ0N0(−2)ξ1 + piλ0λ0N0(−3)N12ξ0 −
N1piλ1λ0N0
(−2)ξ0 + piλ0λ1N0−1ξ1 −N1piλ0λ1N0(−2)ξ0 + piλ1λ1N0−1ξ0
−piλ0piϕ0N12 + 2δij∂kN1i pi1jka2 − 3N0piλ0piλ1κλ0λ1a(−3) + piλ1λ0N0−1ξ1
+2N0δijδklκpi1
ikpi1
jla−N0piλ1δijκλ1pi0ija−1 −N1ipiλ0λ0∂iN1N0−1. (3.134)
Equations of motion corresponding to the perturbed Hamiltonian (3.134) is expressed
in Appendix (B.3.2).
Variation of the perturbed Hamiltonian density (3.134) with respect to S1 lead to the
secondary constraint
λ1 = −2piλ1piλ0N03a3 − 3N1N02piλ02a3. (3.135)
Variation of (3.134) with respect to ξ1 leads to the equation
piN1 = −λ0piλ1N0−1 − λ1piλ0N0−1 + λ0piλ0N0(−2)N1 (3.136)
which constrains piN1 with piλ1. Since there is no perturbation in the 3-metric, variation
with respect to piij1 , as expected, is equal to zero and contracting with (δmnδij − δmiδnj),
we get
pi1
ij =
1
2
N0
−1aκ−1δij∂kN1k − 1
2
a(−2)δijpiλ1λ0 − 1
2
a(−2)N1N0−1δijpiλ0λ0
−1
2
a(−2)δijpiλ0λ1 − 1
4
N0
−1κ−1aδkj∂kN1i − 1
4
N0
−1κ−1aδki∂kN1j −N0−1N1pi0ij (3.137)
At first order perturbation, Hamilton’s equations corresponding to the time varia-
tion of field variables are given by
λ1
′ = −2N0N1piϕ0 − piϕ1N02 + λ0∂iN1i − 2piλ1S0N03a3 − 6N1piλ0S0N02a3 −
2piλ0S1N0
3a3 − 3N0piλ0κλ0λ1a(−3) − 3
2
N0piλ1κλ0
2a(−3) − 3
2
N1piλ0κλ0
2a(−3)
−N0δijκλ0pi1ija−1 −N1δijκλ0pi0ija−1 −N0δijκλ1pi0ija−1 +
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λ0N0
−1ξ1 −N1λ0N0(−2)ξ0 + λ1N0−1ξ0 (3.138)
ϕ′1 = −2N0N1piλ0 − piλ1N02 (3.139)
N ′1 = ξ1 (3.140)
Hamilton’s equation corresponding to the time variation of the momentum piλ1 is
given by
piλ1
′ +
δHD2
δλ1
= 0 (3.141)
⇒ piλ1′ − S1 + δij∂ijϕ1 a(−2) − 3
2
N0κpiλ0
2λ1a
(−3) − 3N0piλ0piλ1κλ0a(−3) −
N0piλ0δijκpi1
ija−1 − 3
2
N1κλ0piλ0
2a(−3) −N0piλ1δijκpi0ija−1
−N1piλ0δijκpi0ija−1 + piλ0N0−1ξ1 −N1piλ0N0(−2)ξ0 + piλ1N0−1ξ0 = 0 (3.142)
which, using other first order equations and (3.76), becomes
−S1 − ϕ′′1 a(−2) + δij∂ijϕ1 a(−2) + φ′1 ϕ′0 a(−2) − 2ϕ′1 a′ a(−3) +
2ϕ′′0 φ1a
(−2) + δijϕ′0 ∂ijB1 a
(−2) + 4ϕ′0 a
′ φ1a(−3) = 0
⇒ S1 = −ϕ′′1 a(−2) + δij∂ijϕ1 a(−2) + φ′1 ϕ′0 a(−2) − 2ϕ′1H a(−2)
+ 2ϕ′′0 φ1a
(−2) + δij∂ijB1 ϕ′0 a
(−2) + 4ϕ′0H φ1a
(−2). (3.143)
Right hand side of the above equation is the explicit form of first order perturbed
2ϕ. Hence, the first equation obtained from perturbed Hamiltonian is consistent.
First order perturbed Hamiltonian constraint is obtained by the time variation of piN1
and is given by
piN1
′ +
δHD2
δN1
= 0 (3.144)
⇒ piN1′ + Vϕa3ϕ1 − 2N1piλ0piϕ0 − 2N0piλ0piϕ1 − 2N0piλ1piϕ0 − 6piλ0piλ1S0N02a3 −
6N0N1S0piλ0
2a3 − 3S1N02piλ02a3 − 3
2
κλ0λ1piλ0
2a(−3) − 3
2
piλ0piλ1κλ0
2a(−3)
+ piλ0λ0∂iN1
iN0
−1 − δijλ0∂ijϕ1N0−1a(−2) − piλ0δijκλ0pi1ija−1 −
piλ1δijκλ0pi0
ija−1 − piλ0δijκλ1pi0ija−1 − 2 δijδklκpi0ijpi1kla+ 4 δijδklκpi0ikpi1jla
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− piλ0λ0N0(−2)ξ1 + 2N1piλ0λ0N0(−3)ξ0 − piλ1λ0N0(−2)ξ0 − piλ0λ1N0(−2)ξ0 = 0 (3.145)
In flat-slicing gauge, it becomes
HN1 ≡ 24H φ1ϕ′0 3a(−2) − 18ϕ′1H ϕ′0 2a(−2) + Vϕ a2ϕ1 + 2 δij∂ijB1 ϕ′0 3a−2 +
2 δij∂ijϕ1 ϕ
′
0
2a−2 + 2 δijH ∂ijB1 κ−1 + 6φ1κ−1H2 = 0. (3.146)
Since there is no momentum pi1i corresponding to N i1 appeared in the second order
Hamiltonian (3.134), variation of the Hamiltonian with respect to N i1 leads to Momen-
tum constraint of Galilean field
Mi1 ≡ piϕ0∂iϕ1 − λ0∂ipiλ1 − 2 δija2∂kpi1jk − piλ0λ0∂iN1N0−1 = 0, (3.147)
which, in flat-slicing gauge, becomes
Mi1 ≡ −6H ∂iϕ1 ϕ′0 2 − 2 ∂iφ1 ϕ′0 3 + 2 ∂iϕ1′ ϕ′0 2 − 2H ∂iφ1 κ−1a2 = 0. (3.148)
Similarly, equation of motion of ϕ1 can be obtained from
piϕ1
′ +
δHD2
δϕ1
= 0 (3.149)
⇒ piϕ1′ +N1Vϕ a3 +N0Vϕϕ ϕ1a3 − ∂iN1i piϕ0 + δij∂ijλ1 a(−2)
− δijλ0∂ijN1N0−1a(−2) − 2N0S0δij∂ijϕ1 a = 0. (3.150)
Using (3.76), the above equation can be written as
−18φ1ϕ′0 2H2 + 12ϕ′0 ϕ′1H2 + 18φ′1H ϕ′0 2
+36ϕ′0H ϕ
′′
0 φ1 − 12ϕ′0H ϕ′′1 − 12ϕ′1H ϕ′′0
−12ϕ′0 ϕ′1 a′′ a−1 + 6 δijH ∂ijB1 ϕ′0 2 + 4 δijϕ′0 ϕ′′0 ∂ijB1 +
4 δijϕ′0H ∂ijϕ1 a
−1 + 4 δijϕ′′0 ∂ijϕ1 + 2 δ
ij∂ijB
′
1 ϕ
′
0
2 + Vϕ φ1a
4 +
Vϕϕ a
4ϕ1 + 2 δ
ij∂ijφ1 ϕ
′
0
2 + 18 a′′ φ1ϕ′0
2a−1 = 0. (3.151)
Equations (3.146), (3.148) and (3.151) obtained from Hamiltonian formulation are
identical to (B.20), (B.21) and (B.22), respectively.
Third and fourth order interaction Hamiltonian are given in Appendix B.4.
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Counting scalar degrees of freedom at first order: Since we are considering only scalar
first order perturbations, N i1 contains one scalar variable (N i1 = δij∂jB1) and hence,
pii = 0 and Momentum constraint (3.147) lead to two constrained equations. Along with
(3.136) and Hamiltonian constraint (3.146), we get 4 constrained equations. Similarly, as
we have seen in zeroth order, at first order, we get four second class constraints:
Φp ≡ piS = 0 (3.152)
Φs ≡ {piS,HD2} = λ1 + 2 piλ1piλ0N03a3 + 3N1N02piλ02a3 = 0 (3.153)
Φt ≡ {Φs,HD2} = piϕ1 + 2N1piϕ0N0−1 − 2N0∂iN1i piλ02a3 + 2N0piλ0δij∂ijϕ1 a+
9N1κN0
4piλ0
5a3 + 6 piλ1κN0
5piλ0
4a3 − 3N0N1piaκpiλ02a
− 2piapiλ0piλ1κN02a = 0 (3.154)
Φq ≡ {Φt,HD2} ≈ 0 (3.155)
We also get 12 more second class constraints: δγij = 0 and {δγij,(2)HD} which leads
to equation (3.137). Since, we have fixed the gauge, all constraints become second class.
Our Galilean phase space contains 22 variables. Hence in configuration space, the num-
ber of degrees of freedom is
1
2
× (22− 4− 4− 12) = 1.
This procedure can be extended to higher order and at any order it can be shown
that the degrees of freedom is one. So, at any order, Galilean scalar field produces no
extra degrees of freedom due to the higher derivative terms present in the Lagrangian
and behave exactly same as any single derivative Lagrangian system.
However, if we consider generalized Lagrangian containing second order deriva-
tive terms, the above analysis can not be extended. In that case, unlike Galilean field,
the Lapse function and Shift vector will not act like constraints and hence, piN + ... 6=
0, pii + ... 6= 0 since piN and pii contain time derivatives of N and N i[78], and dynamical
degrees of freedom can be generated from those. This means that for any higher deriva-
tive gravitational theory, lack of first class constraints lead to extra degrees of freedom.
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Similarly, extra degrees of freedom will always be generated for any generalized second
order derivative Lagrangian.
3.6 Conclusions and discussions
In this chapter, using Hamiltonian formulation, we have formulated a consistent cos-
mological perturbation theory at all orders. We have adopted the following procedures:
we choose a particular gauge that does not lead to any particular gauge artifact [19]
such that some variables remain unperturbed while others can be separated as zeroth
order part and perturbation part. In order to make the procedure transparent, we con-
sidered a simple model of two variables where one variable is unperturbed and other
variable can be perturbed. At first order, we confronted the gauge-issue and found that,
even canonical conjugate momentum of unperturbed quantity has perturbation part
that leads a constrained equation at every perturbed order and by using the equation
we can get the exact form of perturbed momentum. We fixed the gauge-issue and ob-
tained all first order perturbed equations as well as third and fourth order perturbed
Hamiltonian which is consistent with Lagrangian formulation. The procedure is simple
and robust and can be extended to any order of perturbation. Table below provides a
bird’s eye view of the both the formulations and advantages of the Hamiltonian formu-
lation that is proposed in this chapter:
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Lagrangian formulation Hamiltonian formulation
Gauge con-
ditions and
guage-invariant
equations
At any order, choose a gauge which does not
lead to gauge-artifacts
Choose a gauge with no gauge-artifacts, how-
ever, momentum corresponding to unperturbed
quantity is non-zero leading to consistent equa-
tions of motion.
Dynamical vari-
ables
Counting true dynamical degrees of freedom is
difficult.
Using Dirac’s procedure, constraints can easily
be obtained and is easy to determine the degrees
of freedom.
Quantization at
all orders
Difficult to quantize constrained system.
Since constraints are obtained systematically and
reduced phase space contains only true degrees
of freedom, it is straightforward to quantize the
theory using Hamiltonian formulation.
Calculating the
observables
Requires to invert the expressions at each order
and hence non-trivial to compute higher-order
correlation function.
Once the relation between ϕ and Curvature per-
turbation4 is known, calculating the correlation
functions from the Hamiltonian is simple and
straightforward to obtain.
Table- 3.1: Comparison between two approaches
We have applied the procedure to canonical scalar field minimally coupled to grav-
ity and similarly obtained all equations as well as interaction Hamiltonian using both
Lagrangian and Hamiltonian formulation [95]. Both lead to identical results. We also
showed that, obtaining interaction Hamiltonian by using Hamiltonian formulation is
efficient and straightforward. Unlike the Lagrangian formulation, we do not need to
invert the expressions at each order [84].
We, then obtained a consistent perturbed Hamiltonian formulation for Galilean scalar
fields. Using flat-slicing gauge, we have obtained zeroth and first order Hamilton’s
equations that are consistent with Lagrangian formulation. We carefully analyzed the
constraints in the system and counted degrees of freedom at every order in the system
that is consistent with the results of Deffayet et al [88] results. It has been shown that
general higher derivative models lead to dynamical equations of Lapse function/shift
vector which increases the number degrees of freedom of the system. But, only in higher
4It is important to note that, in the case of first order, relation between ϕ and three-curvature is straight
forward. However, it is more subtle in the case of higher-order perturbations [19].
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derivative Galilean theory, Lapse function/shift vector remain constraint, therefore, no
extra degrees of freedom flows in the system. Similar type of problem has been encoun-
tered in a different manner in Ref. [78].
To make the Physics transparent, in this chapter, we have neglected vector and tensor
perturbations. Our approach can be applied to higher-order perturbations including
vector and tensor perturbations [95]. In the presence of tensor or vector or any mixed
modes at any higher perturbed order, since modes do not decouple, piij cannot decouple
and act as the momentum corresponding the overall 3-metric δγij which contains mixed
modes. Hence,
δH
δpiij
= ∂0(δγij)
= ∂0(δγ
S
ij + δγ
V
ij + δγ
T
ij),
where γSij, γVij , γTij are scalar, vector and tensor modes, respectively.
Our approach can be applied to any model of gravity and matter fields to obtain
any higher order interaction Hamiltonian without invoking any approximation such as
slow roll, etc. It can also been shown that, the mechanism can be applied for any gener-
alized tensor fields and it can even extract any higher order cross-correlation interaction
Hamiltonian.
Our approach can also be used for modified gravity models including f(R) model,
other scalar-tensor theories like Gauss-Bonnet inflation, Lovelock gravity, Hordenski
theory. In fact, we can say unequivocally that our approach can be used for any kind of
gravity models.
Chapter 4
Hamiltonian formalism for generalized
non-canonical scalar fields
4.1 Introduction
As mentioned in sections (1.6), (2.1) and (3.1), the inflationary paradigm is highly suc-
cessful and an attractive way of resolving some of the puzzles of standard cosmol-
ogy. During inflation, the early universe undergoes an accelerated expansion, stretch-
ing quantum fluctuations to super-horizon scales which we observe today as CMB
anisotropy [3, 6, 7]. Since Einstein’s equations are highly non-linear, comparison of
the predictions of inflation with the observations require one to expand the equations
order-by-order. At linear order, predictions of inflation is consistent with CMB. How-
ever, the linear order observables, like scalar spectral index and tensor-to-scalar ratio,
can not rule out models of inflation; physically measurable observables correspond-
ing to higher-order quantities like bispectrum or trispectrum will help to rule out some
models of inflation [17, 31, 82, 83].
Since inflation takes place at high-energies, quantum field theory is the best descrip-
tion of the matter at these energies. Hence, evaluation of any physical quantity, like the
n−point correlation functions, require us to either promote effective field variables (us-
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ing Heisenberg picture) to operators or integrate over all possible field configurations
on all of spacetime (path - integral picture). Since it is unclear what effective field config-
urations to integrate over, Heisenberg picture is the preferred approach. In other words,
we obtain the effective Hamiltonian operator and evaluate the correlation functions of
the relevant operator.
As mentioned earlier in sections (1.6), (2.1) and (3.1), in the context of cosmological
perturbation theory, there are currently two approaches in the literature to evaluate the
effective Hamiltonian — Lagrangian fomalism and Hamiltonian formalism. In case of
Lagrangian formalism, the Lagrangian is expanded upto a particular order, i.e., if we are
interested in obtaining third order interaction Hamiltonian, effective Lagrangian needs
to be expanded up to third order and constraints are systematically removed from the
system to obtain the effective perturbed Lagrangian. Then, the momentum pi corre-
sponding to ϕ is obtained as a polynomial of ϕ˙ and using order-by-order approxima-
tions, ϕ˙ is expressed as a polynomial of pi. Next, using Legendre transformation, Hamil-
tonian is expressed in terms of pi and ϕ. In order to express the Hamiltonian in terms of
ϕ˙ and ϕ, only the leading order relation between pi and ϕ˙ is used [84, 71, 66, 47, 52, 54].
There are some difficulties with the previous method:
(i). In case of cosmological perturbations, pi and ϕ˙ are perturbed quantities (curvature
perturbation), expressing one in terms of polynomial of other is an approximation.
(ii). At the end, to express the Hamiltonian in terms of configuration-space variable,
we use only the leading order relation between pi and ϕ˙, not the polynomial rela-
tion. Hence, several approximations are employed to convert effective Lagrangian
to effective Hamiltonian.
(iii). The above method is also very restrictive and it is difficult to extend the method
for a generalized constrained system.
(iv). Also, it is not possible to use this method for higher order perturbations or mixed-
mode (e.g., scalar-tensor) interaction Hamiltonian.
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Langolois [62] first introduced a consistent Hamiltonian formulation of canonical
scalar field. However, Langlois’ approach is also difficult to extend to higher order of
perturbations or to any different types of field due to the fact that it requires construc-
tion of gauge-invariant conjugate momentum. In our recent work and in the previous
chapter (3) [95], henceforth referred as I, we have introduced a different Hamiltonian
approach that can address and deal with all the issues in the previous methods and
provides an effective and robust way to obtain interaction Hamiltonian for any model
for any order of perturbations. Table (3.6) (in page 96) below provides a bird’s eye view
of the both the formulations and advantages of the Hamiltonian formulation that is
proposed in the previous chapter (3) [95].
In chapter (3) [95], we applied our new method to canonical and a specific higher
derivative (Galilean) scalar field model, and showed explicitly that the method can effi-
ciently obtain Hamiltonian at all orders. In the case of certain non-canonical scalar field
models, if ϕ˙ can be expressed uniquely in terms of the canonical conjugate momentum,
it is then possible to obtain Hamiltonian and the results of chapter (3) [95] can be ex-
tended. However, for a general non-canonical scalar field, it is not possible to do the
procedure as we do not have a way to rewrite ϕ˙ in terms of the canonical conjugate
momentum and, hence, it is not possible to obtain the Hamiltonian for general non-
canonical scalar field. In this chapter, we explicitly obtain Hamiltonian for a general
non-canonical scalar fields and obtain interaction Hamiltonian upto fourth order.
This chapter is divided into two parts. In the first part, we provide the procedure
to obtain Hamiltonian for the non-canonical scalar field by introducing a phase-space
variable. Then, by choosing different models, we explicitly show that the Hamiltonian
leads to consistent equations of motion as well as perturbed interaction Hamiltonian by
implementing our approach. We also find a new definition of speed of sound in terms of
phase-space variables. In the second part, in order to retrieve generalized equations of
motion in configuration-space from phase-space, we provide a systematic way to invert
generalized non-canonical phase-space variables to configuration-space variables and
vice versa and show that, all equations are consistent. Finally, we extend the method to
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Non-canonical scalar field
P (X,ϕ). See eq.(4.7)
Define momenta,
see eqs (4.12), (4.13)
Hamiltonian can-
not be obtained
H
?
= f(ϕ, piϕ)
Hamiltonian, see eq. (4.19)Appendix C.1
Inverse Legen-
dre transformation
Euler-Lagrange equa-
tions of motion
Legendre transformation
in general not possible
[ϕ˙
?
= f(piϕ)]
DefineG, see eq. (4.16)
Specific
non-canonical models
consistency check
see section 4.4.
Define Inverse of G’s
variation of action
Figure- 4.1: Flow-chart for the proposed Hamiltonian formulation of non-canonical
scalar field
generalized higher derivative scalar fields. A flow-chart above illustrates the method
for non-canonical scalar fields:
In the next section, we briefly discuss about non-canonical scalar fields. We also dis-
cuss the gauge choices and corresponding gauge-invariant variables. In section (4.3),
Hamiltonian formulation of generalized non-canonical scalar field is introduced by defin-
ing a new phase-space function which provides consistent equations of motion. In sec-
tion (4.3.2), we extend the results of I to non-canonical scalar field in flat-slicing gauge
to obtain perturbed equations of motion. In section (4.4), we provide a partial inversion
method between phase-space variables and configuration-space variables and in section
(4.5), we provide the third and fourth order Interaction Hamiltonian for non-canonical
scalar field. In section (4.6), we briefly discuss the application of our method to gen-
eralized Galilean scalar field model. Finally, in section (4.7), we end with discussions
and conclusions of the results. In Appendix (C.1), functional form of the new variable is
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obtained for different scalar field models. In Appendix (C.2), we implement Langlois’
approach to non-canonical scalar field model.
4.2 Model and gauge choices
As mentioned in previous chapters, action for non-canonical scalar field minimally cou-
pled to gravity is
S =
∫
d4x
√−g
[
1
2κ
R + Lm(ϕ, ∂ϕ)
]
, (4.1)
where R is the Ricci scalar and the matter Lagrangian, Lm is of the form.
Lm = P (X,ϕ), X ≡ 1
2
gµν∂µϕ∂µϕ. (4.2)
P (X,ϕ) corresponds to non-standard kinetic term and hence the name non-canonical
scalar field [22, 16, 23]. Further, fixing P = −X − V (ϕ), where V (ϕ) is the potential, one
can retrieve the well-known canonical scalar field model. Varying the action (4.1) with
respect to metric gives Einstein’s equation
Rµν − 1
2
gµν R = κ Tµν , (4.3)
where the stress tensor (Tµν) for non-canonical scalar field is
Tµν = −PX∂µϕ∂νϕ+ gµνP. (4.4)
Varying the action (4.1) with respect to the scalar field ‘ϕ’ leads to the following
equation of motion
PX2ϕ− PXX∂µϕ∂µϕ− 2XPXϕ + Pϕ = 0 (4.5)
which can also be obtained from the conservation of Energy-Momentum tensor,∇µT µν =
0.
The four-dimensional line element in the ADM form is given by,
ds2 = gµνdx
µdxν
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= −(N2 −NiN i)dη2 + 2Nidxidη + γijdxidxj, (4.6)
where N(xµ) and Ni(xµ) are Lapse function and Shift vector respectively, γij is the 3-D
space metric. Action (4.1) for the line element (4.6) takes the form
SNC =
∫
d4xN
√
γ
[
1
2κ
(
(3)R +KijK
ij −K2)+ P (X,ϕ)] (4.7)
where Kij is extrinsic curvature tensor and is defined by
Kij ≡ 1
2N
(
∂0γij −Ni|j −Nj|i
)
,
K ≡ γijKij.
As mentioned before in (1.5.1), perturbatively expanding the metric only in terms
of scalar perturbations and the scalar field about the flat FRW space-time in conformal
coordinate, we get in equations (3.8), (3.9), (3.10) and (3.11). In this chapter, we derive
all equations by choosing a specific gauge — flat-slicing gauge, i.e., ψ = 0, E = 0 — at
all orders:
g00 = −a(η)2(1 + 2φ1 + 2φ2 + ...) (4.8)
g0i ≡ Ni = a(η)2(∂iB1 + 1
2
2∂iB2 + ...) (4.9)
gij = a(η)
2δij (4.10)
ϕ = ϕ0(η) + ϕ1 +
1
2
2ϕ2 + ... (4.11)
It can be shown that, perturbed equations in flat-slicing gauge coincide with gauge-
invariant equations of motion (in generic gauge, ϕ1 coincides with ϕ1 + ϕ0
′
H
ψ1 ≡ ϕ0′H R
which is a gauge-invariant quantity, R is called curvature perturbation [19]). Sim-
ilarly, one can choose another suitable gauge with no coordinate artifacts to obtain
gauge-invariant equations of motion. Such gauges are Newtonian-conformal gauge
(B = 0, E = 0), constant density gauge (E = 0, δϕ = 0), etc.
Before we proceed with the Hamiltonian formulation, it is important to clarify is-
sues related to the quantization in the cosmological perturbation theory: While the field
variable ϕi and metric variables φi, Bi, ψi (where i takes values 1, 2, · · · ) are expanded
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perturbatively, it is important to note that the operators corresponding to these vari-
ables (i. e. ϕ1, ϕ2, · · · ) can not be treated as independent operators as higher orders
in perturbation theory do not lead to independent degrees of freedom. As otherwise,
the unperturbed theory should have infinitely many local degrees of freedom. In a
canonical quantization, there is one operator and one for its momentum, on which the
quantum Hamiltonian depends1.
4.3 Hamiltonian formulation
In the previous chapter (3) [95], we provided an efficient way of obtaining consistent
perturbed Hamiltonian for any gravity models. However, it works only if the form
of the action is specified in such a way that the Legendre transformation ϕ˙ → piϕ is
invertible in both ways. For non-canonical scalar fields, momenta corresponding to the
action (4.7) are
piij ≡ δSNC
δγ′ij
=
√
γ
2κ
(γijγkl − γikγjl)Kkl (4.12)
piϕ ≡ δSNC
δϕ′
= −√γPX
√−2X + Y , where Y ≡ γij∂iϕ∂jϕ. (4.13)
As one can see, equation (4.12) is invertible and the inversion relation is given by
γ′mn = γnkN
k
|m + γmkN
k
|n − 2NKmn, Kij =
κ√
γ
(γijγkl − 2γikγjl) pikl (4.14)
but equation (4.13) is non-invertible for arbitrary function of P (X,ϕ). However, if
P (X,ϕ) is specified, it may be possible to invert the equation and X can be written
in terms of piϕ. Inversion relations for commonly used non-canonical models are given
in Appendix (C.1). Using equation (4.14), we can write the Hamiltonian density as
HNC = piijγ′ij + piϕϕ′ − LNC
= 2γij∂kN
j piik +N i∂iγjk pi
jk − Nκ√
γ
(γijγkl − 2γikγjl)piijpikl −
N
√
γ
2κ
(3)R−
1We thank Martin Bojowald for discussion regarding this point.
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N
√
γ G˜(X, γ, Y, ϕ) +N ipiϕ∂iϕ, where G˜ ≡ (P − PX (2X − Y )) . (4.15)
Note that, the above expression is still not the Hamiltonian since G˜ is not a phase-
space variable and it is not invertible for arbitrary form of P (X,ϕ) since equation (4.13)
is not invertible, in general. Hence, a natural question that arises is: How to invert
configuration-space variables to phase-space variables so that we can obtain generalized con-
sistent Hamiltonian for non-canonical scalar field?
In this section, we show that, by defining a new phase-space function, the above
problem can be resolved. The new phase-space quantity is defined as
G(piϕ, γ, Y, ϕ) = G˜(X, γ, Y, ϕ) ≡ P − PX (2X − Y ) . (4.16)
Since momenta corresponding to N and N i vanish, i.e., piN = pii = 0, using the above
defined variable, Hamiltonian constraint can be written as
HN ≡ {piN ,HNC} = δHNC
δN
= − κ√
γ
(γijγkl − 2γikγjl) piijpikl−
√
γ
2κ
(3)R−√γ G(piϕ, γ, Y, ϕ) = 0,
(4.17)
and momentum constraint is given by
Mi ≡ {pii,HNC} = δHNC
δN i
= −2∂ (γimpimn) + pikl∂iγkl + piϕ∂iϕ = 0. (4.18)
Due to diffeomorphic invariance, total Hamiltonian density can be written as
HNC = NHN +N iHi = 0. (4.19)
Instead of defining G, one can define any other phase-space variable(s) and express
the Hamiltonian in a different form and the possibilities are infinite. However, as one
can see, since G˜(X, γ, Y, ϕ) automatically appears directly in the Hamiltonian, this is the
simplest and effective way to express the Hamiltonian for non-canonical scalar field.
G not only resolves the issue of expressing Hamiltonian for non-canonical scalar field
and is also uniquely defined for different non-canonical scalar fields. Hence, G car-
ries the signature of the non-canonical scalar fields in phase-space. Explicit forms of
G(piϕ, γ, Y, ϕ) for different types of scalar fields are given in Appendix (C.1).
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4.3.1 Zeroth order
At zeroth order, since γij = a2δij and all quantities are independent of spatial coordi-
nates, we then get
piij0 =
1
6a
piaδ
ij (4.20)
and Hamiltonian density at zeroth order becomes
H0 = −N0κ
12a
pi2a −GN0 a3. (4.21)
Variation of the Hamiltonian (4.21) with respect to the momenta leads to two equa-
tions and are given by
a′ = −N0κ
6a
pia (4.22)
ϕ′0 = −N0 a3Gpiϕ . (4.23)
Hamiltonian constraint leads to the equation of motion of N and at zeroth order, it
is given by
HN0 ≡ − κ
12a
pi2a −Ga3 = 0. (4.24)
Equations of motion are obtained by varying the Hamiltonian (4.21) with respect to
field variables. Hence, equation of motion of a is obtained by the relation
pi′a = −
δH0
δa
= −N0κ
12a2
pi2a + 3GN0 a
2 +GaN0 a
3. (4.25)
Similarly, equation of motion of ϕ0 can be obtained from
pi′ϕ0 = N0 a
3Gϕ. (4.26)
4.3.2 First order
As we have mentioned in the introduction and in chapter (3), there are two ways to
obtain Hamiltonian — Langlois’ approach [62], and the approach used in chapter (3)
[95]. In this chapter, we use both the approaches and explicitly show that it is possible
to obtain a consistent Hamiltonian for non-canonical scalar fields. In Appendix (C.2),
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we extend Langlois’ approach to non-canonical scalar field and in the rest of the section,
we extend I to obtain a consistent Hamiltonian for non-canonical scalar field.
The field variables and their corresponding momenta can be separated into unper-
turbed and perturbed parts as
N = N0 + N1, N
i = N i1, ϕ = ϕ0 + ϕ1 (4.27)
piij = pi0
ij + piij1 , piϕ = piϕ0 + piϕ1 (4.28)
and by using Taylor expansion of phase-space variable G(piϕ, γ, Y, ϕ), the second order
perturbed Hamiltonian density is given by
H2 = δij∂kN1j (pi1ik + piki1 )a2 −N0κa (δijδkl − 2δikδjl)pi1ijpi1kl − 2N1κa (δijδkl − 2δikδjl)pi0ijpi1kl
−GϕN1a3ϕ1 −GpiϕN1 piϕ1 a3 −
1
2
GϕϕN0 ϕ1
2a3 − 1
2
GpiϕpiϕN0 piϕ1
2a3 −GϕpiϕN0piϕ1a3ϕ1
−GYN0δij∂iϕ1 ∂jϕ1 a+N1ipi0ϕ∂iϕ1. (4.29)
Note that, as we have pointed out in chapter (3) [95], perturbed momentum corre-
sponding to an unperturbed variable may arise due to the presence of other perturbed
phase-space variables, thus piij1 is non-zero and can be obtained by varying the Hamil-
tonian (4.29) with respect to piij1 :
δH2
δpiij1
= 0⇒ piij1 =
a
2N0κ
δij∂kN
k
1 −
a
4N0κ
δki∂kN
j
1 −
a
4N0κ
δkj∂kN
i
1 −
N1
N0
piij0 . (4.30)
Varying the perturbed Hamiltonian (4.29) with respect to piϕ1 leads to the following
equation
ϕ′1 = −GpiϕN1a3 −GpiϕpiϕN0 piϕ1a3 −GϕpiϕN0 ϕ1a3 (4.31)
⇒ piϕ1 = − 1
N0 a3Gpiϕpiϕ
(
ϕ′1 +GpiϕN1a
3 +GϕpiϕN0 ϕ1a
3
)
. (4.32)
Hamiltonian constraint is obtained by varying the Hamiltonian with respect to Lapse
function. Hence, varying (4.29) with respect to N1 leads to first order Hamiltonian con-
straint and takes the form
− 2δijδkl piij0 pikl1 + 4δijδkl piik0 pijl1 −Gϕa2ϕ1 −Gpiϕpiϕ1 a2 = 0. (4.33)
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Similarly, by varying Hamiltonian with respect to N i1 we get the following Momen-
tum constraint,
piϕ0 ∂iϕ1 − 2a2 δij ∂kpikj1 = 0. (4.34)
Finally, equation of motion of ϕ1 is obtained by varying the Hamiltonian with respect
to ϕ1, i.e.,
pi′ϕ1 = a
3GϕN1 + a
3GϕϕN0ϕ1 + a
3GϕpiϕN0piϕ1 − 2 aGYN0∇2ϕ1 + piij0 ∂iN i1. (4.35)
Since the perturbed scalar field equation is linear in nature and follows wave equa-
tion, speed of sound is defined as the ratio of negative of the coefficient of ∇2ϕ1 and ϕ′′1
and in phase-space, it takes the form
c2s = 2N
2
0 a
4Gpiϕpiϕ GY (4.36)
which, in conformal coordinate can be expressed as
c2s = 2 a
6Gpiϕpiϕ GY . (4.37)
The relation between generalized phase-space derivatives of G (Gϕ, GY , Gϕpiϕ etc.)
and configuration-space derivatives of P (X,ϕ) (P, Pϕ, PϕX etc.) is unknown, hence, it
is not possible to invert above Hamilton’s equations to Euler-Lagrange equations and
hence, it is not possible to compare both the formalisms. However, for a particular
scalar field, the exact form of G is known to us (see Appendix C.1), and hence, for those
model it is possible to write down equations of motion in configuration space and can
be verified that Hamiltonian formulation of non-canonical scalar field is consistent.
4.4 Inversion of non-canonical terms
In the last section, we showed that it is possible to obtain Hamiltonian for a non-
canonical scalar field by defining a new variable G (see eqs. (4.16) and (4.19)). In order
to understand the importance of this new function G, we ask the following question:
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Starting from the Hamiltonian (4.21) and (4.29), can we invert the expressions leading to gen-
eralized equations in configuration-space? In this section, we show that, inversion can be
established.
To invert the equations, one needs to invert the coefficients like Gϕ, GY , Gϕpiϕ from
phase-space to configuration-space. Since the form ofG in configuration space is known,
by carefully looking at the equations, it is apparent that only the phase-space derivatives
of G are needed to invert which, in general, is not possible.
To begin with, let us take a phase-space function F ≡ F (piϕ, γ, Y, ϕ) = F˜ (X, γ, Y, ϕ),
i.e.,
F = F (piϕ, γ, Y, ϕ)
⇒ dF = Fpiϕdpiϕ + Fγdγ + FY dY + Fϕdϕ
Note that, tilde is used for configuration-space functions only. The invertibility of
Legendre transformation implies that, if X = X(piϕ, γ, Y, ϕ) then piϕ = piϕ(piϕ, γ, Y, ϕ),
i.e.,
piϕ = piϕ(X, γ, Y, ϕ)
dpiϕ =
∂piϕ
∂X
dX +
∂piϕ
∂γ
dγ +
∂piϕ
∂Y
dY +
∂piϕ
∂ϕ
dϕ
implying that
dF˜ (X, γ, Y, ϕ) = Fpiϕ
∂piϕ
∂X
dX +
(
Fγ + Fpiϕ
∂piϕ
∂γ
)
dγ +
(
FY + Fpiϕ
∂piϕ
∂Y
)
dY
+
(
Fϕ + Fpiϕ
∂piϕ
∂ϕ
)
dϕ. (4.38)
Hence, the relations between phase-space variables and configuration-space vari-
ables are
Fpiϕ =
F˜X
∂piϕ
∂X
, (4.39)
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Fγ = F˜γ − Fpiϕ
∂piϕ
∂γ
, (4.40)
FY = F˜Y − Fpiϕ
∂piϕ
∂Y
, (4.41)
Fϕ = F˜ϕ − Fpiϕ
∂piϕ
∂ϕ
. (4.42)
In our case, for arbitrary non-canonical scalar field, we do not know the exact form
of G(piϕ, γ, Y, ϕ), however, we know G˜(X, γ, Y, ϕ) = P − PX (2X − Y ). Using equation
(4.13) and the above established relations, we get
Gpiϕ = −
√−2X
a3
, Gpiϕpiϕ =
1
a6 (PX + 2XPXX)
,
Gpiϕpiϕpiϕ = −
√−2X (3PXX + 2XPXXX)
a9 (PX + 2XPXX)
3
Gϕ = Pϕ, Gϕpiϕ =
√−2X PXϕ
a3 (PX + 2XPXX)
Gϕϕ = Pϕϕ −
2X P 2Xϕ
(PX + 2XPXX)
(4.43)
Using these definitions it is possible to invert all phase-space quantities to the ones
in configuration-space. To start with, we first consider speed of sound. In conformal
coordinate, it is given by equation (4.37) and hence using above relations, we get
c2s =
PX
PX + 2XPXX
(4.44)
which matches with the conventional configuration-space definition of sound of speed.
Similarly, the zeroth order equations (4.45), (4.46) and (4.47), after inversion, become
H2 = −κ
3
(PXϕ
′
0
2
+ Pa2), Hubble Constant: H ≡ a
′
a
(4.45)
−2a
′′
a
+H2 = κPa2, (4.46)
PXϕ
′′
0 − PXXϕ′′0ϕ′02a−2 + PXϕϕ′02 + 2PXϕ′0H + PXXHϕ′03a−2 + Pϕa2 = 0, (4.47)
respectively. At first order, N1 = aφ1 and N i = δij∂jB1, which helps to reduce first order
perturbed Hamiltonian constraint (4.33) into
H
κ
∇2B1 + 3H
2
κ
φ1 +
G2piϕ
2Gpiϕpiϕ
φ1a
2 +
Gpiϕ
2Gpiϕpiϕa
2
ϕ′1 +
Gpiϕ Gϕpiϕ
2Gpiϕpiϕ
ϕ1a
2
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− Gϕ
2
ϕ1a
2 = 0 (4.48)
which, further, can be inverted back to configuration-space, again by using above
relations as
H∇2B1 = κ
2
[
PXφ1ϕ
′
0
2
+ 2Pa2φ1 + PXϕ
′
0ϕ
′
1 + PXXφ1ϕ
′
0
4
a−2 − PXXϕ′1ϕ′03a−2 +
PXϕϕ
′
0
2
ϕ1 + Pϕϕ1a
2
]
. (4.49)
Similarly, first order Momentum constraint becomes
∂iφ1 = − κ
2H
PXϕ
′
0∂iϕ1 (4.50)
and equation of motion of scalar field ϕ1, i.e., equation (4.35) takes the form
−PXϕ′′1a2 − PXXφ′1ϕ′03 + PXXϕ′′1ϕ′02 − PXXϕφ1ϕ′04 + PXXϕϕ′1ϕ′03 − Pϕφ1a4 −
Pϕϕa
4ϕ1 + PXφ1ϕ
′′
0a
2 + PX∇2ϕ1a2 + PXφ′1ϕ′0a2 − 2PXϕ′1Ha2 − 4PXXφ1ϕ′′0ϕ′02 +
3PXXϕ
′
0ϕ
′
1ϕ
′′
0 + PXXϕϕ
′′
0ϕ
′
0
2
ϕ1 − PXϕϕ′0ϕ′1a2 − PXϕϕ′′0a2ϕ1 − PXϕϕϕ′02a2ϕ1 +
2PXφ1ϕ
′
0Ha
2 + PXϕ
′
0∇2B1a2 + PXXφ1Hϕ′03 − PXXϕ′1Hϕ′02 − PXXXφ1Hϕ′05a−2 +
PXXXφ1ϕ
′′
0ϕ
′
0
4
a−2 + PXXXϕ′1Hϕ
′
0
4
a−2 − PXXXϕ′1ϕ′′0ϕ′03a−2 − PXXϕHϕ′03ϕ1 −
2PXϕϕ
′
0Hϕ1a
2 = 0. (4.51)
Equations (4.45), (4.46), (4.47), (4.49), (4.50) and (4.51) are consistent with the zeroth
and first order perturbed Euler-Lagrange equations of motion.
4.5 Interaction Hamiltonian
The higher-order physical observables like Bi-spectrum/Tri-spectrum are related to higher-
order correlation functions; in order to compute higher-order correlation functions, we
need higher-order interaction Hamiltonian. In this section, we obtain the interaction
Hamiltonian of the non-canonical field. Third order perturbed generalized interaction
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Hamiltonian for non-canonical scalar field in terms of phase-space variables is obtained
directly by expanding the Hamiltonian (4.19) upto third order of perturbation [95] and
it takes the form
H3 = −N1δijδklκpi1ijpi1kla+ 2N1δijδklκpi1ikpi1jla− 1
2
GϕϕN1ϕ1
2a3 − 1
2
GpiϕpiϕN1piϕ1
2a3 −
GϕpiϕN1piϕ1a
3ϕ1 −GYN1δij∂iϕ1 ∂jϕ1 a−GY piϕN0piϕ1δij∂iϕ1 ∂jϕ1 a−
GϕYN0δ
ij∂iϕ1 ∂jϕ1 ϕ1a− 1
6
GpiϕpiϕpiϕN0piϕ1
3a3 − 1
6
GϕϕϕN0ϕ1
3a3 −
1
2
GϕpiϕpiϕN0piϕ1
2a3ϕ1 − 1
2
GϕϕpiϕN0piϕ1ϕ1
2a3 +N1
ipiϕ1∂iϕ1 (4.52)
and similarly, fourth order interaction Hamiltonian takes the form
H4 = −1
2
GY YN0δ
ijδkl∂iϕ1 ∂jϕ1 ∂kϕ1 ∂lϕ1 a
−1 −GpiϕYN1piϕ1δij∂iϕ1 ∂jϕ1 a−
GϕYN1δ
ij∂iϕ1 ∂jϕ1 ϕ1a− 1
6
GpiϕpiϕpiϕN1piϕ1
3a3 − 1
6
GϕϕϕN1ϕ1
3a3 −
1
2
GϕpiϕpiϕN1piϕ1
2a3ϕ1 − 1
2
GpiϕpiϕYN0δ
ij∂iϕ1 ∂jϕ1 piϕ1
2a− 1
2
GϕϕpiϕN1piϕ1ϕ1
2a3 −
1
2
GϕϕYN0δ
ij∂iϕ1 ∂jϕ1 ϕ1
2a−GϕpiϕYN0piϕ1δij∂iϕ1 ∂jϕ1 ϕ1a−
1
24
GpiϕpiϕpiϕpiϕN0piϕ1
4a3 − 1
24
GϕϕϕϕN0ϕ1
4a3 − 1
6
GϕpiϕpiϕpiϕN0piϕ1
3a3ϕ1 −
1
6
GϕϕϕpiϕN0piϕ1ϕ1
3a3 − 1
4
GϕϕpiϕpiϕN0piϕ1
2ϕ1
2a3. (4.53)
Again, using inversion formulae mentioned in above section, phase-space form of
interaction Hamiltonian can be written in terms of configuration-space variables.
4.6 Extension to generalized higher-derivative models
As we have shown above, for an arbitrary non-canonical scalar field, it is possible to
define a canonical conjugate momenta and the Hamiltonian. In this section, we extend
our method to generalize higher-derivative models. First, we extend the analysis to
G-Inflation [26, 27] model with generalized functions P (X,ϕ) and K(X,ϕ) .
Action for G-Inflation scalar field minimally coupled to gravity is given by
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SG =
∫
d4x
√−g
[
1
2κ
R + P (X,ϕ) +K(X,ϕ)2ϕ
]
. (4.54)
Directly obtaining the Hamiltonian for the above action is difficult since it contains
second order derivatives of the scalar field. However, using the approach of Deffayet et
al. [88, 95], action (4.54) can be re-written as
SG =
∫
d4x
√−g
[
1
2κ
R + P (X,ϕ) +K(X,ϕ)S
]
+
∫
d4xλ (S −2ϕ)
=
∫
d4x
√−g
[
1
2κ
R + P (X,ϕ) +K(X,ϕ)S
]
+
∫
d4x[λS + λ gµν Γαµν ∂αϕ+
gµν∂µϕ∂νλ+ λ ∂νg
µν∂µϕ ]. (4.55)
Linearizing the action costs two extra variables in configuration-space, thus four
extra phase-space variables. We have discussed the issue in I [95] and proved that those
variables are not dynamic in nature and thus, there are no extra degrees of freedom.
Since the action (4.55) is converted in terms of first derivatives of fields, it is now
possible to define momenta in terms of time derivative of the fields. However, the ac-
tion still contains two generalized configuration-space variables P (X,ϕ) and G(X,ϕ).
Hence, using the above approach for generalized non-canonical scalar field, a consis-
tent perturbed Hamiltonian formalism for generalized Galilean scalar field can be es-
tablished.
The approach can also be extended to any other higher-derivative models like Hor-
denski scalar field models, modified gravity models or an arbitrary higher-derivative
theory. The above case is the quadratic and cubic parts of the Hordenski’s scalar field
model[25]. In case of general Hordenski’s scalar field model, action depends on Rµν ,
∇µνϕ, ∂µϕ, gµν and ϕ. The metric-part can be written in terms of extrinsic tensor, Kij
and 3-Ricci scalar, (3)R with Lapse function, N and Shift vector, N i. Since the action
contains ∇µνϕ instead of only 2ϕ, above method for linearizing action will not work.
Instead, we have to linearize the action by adding
SH +
∫
d4x λµν (Sµν −∇µνϕ)
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for general Hordenski’s model [88]. Hordenski’s full action contains four unknown
functions,Gn(X,ϕ), n = 2 · · · 5, hence, using the approach for non-canonical scalar field,
we can also deal with Hamiltonian formulation for Hordenski’s theory.
By using the same argument and method, it is possible to obtain Hamiltonian be-
yond Hordenski’s model, i.e., for any higher-order derivative gravity models with ar-
bitrary functions. To deal with arbitrary functions, using the above approach for gen-
eralized non-canonical scalar fields, we can define a new and unique phase-space vari-
able(s) and write the corresponding canonical Hamiltonian of the system and inversion
formulae can be used to invert from phase-space variable to configuration-space vari-
able and vice-versa. Once the Hamiltonian is obtained, we can use the approach in I
to get the consistent Hamiltonian formalism of cosmological perturbation at any per-
turbed order for the specific model.
Hamiltonian approach in chapter (3) [95], is independent of how we construct the
Hamiltonian and is readily applicable once we successfully write down a consistent
Hamiltonian for a specific model. Hence, the Hamiltonian approach for higher deriva-
tive theory is not restricted only by the Deffayet’s approach [88]. Recently, Langlois
and Noui [96, 97] have also provided a simpler way to obtain Hamiltonian for higher
derivative theory and the Hamiltonian approach for perturbation can also be extended
to these models.
4.7 Conclusions and discussions
In this chapter, we have explicitly provided the Hamiltonian formulation of cosmo-
logical perturbation theory for generalized non-canonical scalar fields. The following
procedure was adopted: first we provided the essential information regarding gauge-
choices and related gauge-invariant quantities. Next, we performed Legendre transfor-
mation for the generalized non-canonical scalar fields and showed that, since (ϕ′ → piϕ)
transformation is not possible, Hamiltonian for generalized non-canonical scalar fields
cannot be obtained by using conventional method.
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We introduced a new generalized phase-space variable G(piϕ, γ, Y, ϕ) that is unique
for different non-canonical scalar fields and obtained Hamiltonian of a non-canonical
scalar field. We showed that, this is the simplest and efficient way to obtain the Hamilto-
nian [98]. We extended the approach in (3) [95] to generalized non-canonical scalar fields
in the flat-slicing that doesn’t lead to gauge-artifacts and obtained perturbed Hamilton’s
equations in terms of phase-space variables. In parallel, we also extended Langlois’ ap-
proach to generalized non-canonical scalar field and showed that both approaches lead
to identical speed of sound.
In order to compare Hamiltonian approach with Lagrangian approach, Hamilton’s
equations are to be converted to Euler-Lagrange equation and in doing so, we pro-
vided explicit forms of G(piϕ, γ, Y, ϕ) for different non-canonical scalar field models and
showed that the Hamiltonian formulation is consistent.
Since we do not know how, in general, phase-space derivatives of G(piϕ, γ, Y, ϕ)
transform to configuration-space derivatives, hence for an arbitrary field, it is not possi-
ble to directly invert the generalized phase-space Hamilton’s equations to Euler-Lagrange
equations. In order to overcome this, we prescribed an inversion mechanism from gen-
eralized phase-space variables to generalized configuration-space variables (and vice
versa) and showed that all generalized phase-space equations lead to consistent E-L
equations. We also retrieved the conventional form of speed of sound in configuration-
space.
We also obtained the interaction Hamiltonian in terms of phase-space variables for
generalized non-canonical scalar field at third and fourth order of perturbation for
scalar perturbations. These can also be expressed in terms of (ϕ′, ϕ) using the gen-
eral inversion formulae. Note that, we considered only the first order scalar perturba-
tions. Vector or tensor modes can similarly be implemented by considering δγij 6= 0
and decomposing the metric using vector and tensor modes. Hamiltonian as well as
equations of motions for vector or tensor modes also change accordingly. For the linear
order, three modes decouple and δpiij can also be decomposed as δpiijS + δpi
ij
V + δpi
ij
T , so
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the equations of motion. However, for higher order of perturbations, modes are highly
coupled to each other, hence similar decomposition is not possible.
Finally, we briefly discussed the Hamiltonian formulation for generalized higher
derivative scalar fields. The method is not restricted to gravity related models, it can
also be applied to any other models where the Lagrangian is not specified properly.
Throughout the chapter, we carried out the method by assuming that the field al-
lows Legendre transformation, which, most of the known models follow. However, if
a certain model is specified in such a way that ϕ′ cannot be written in terms of piϕ or
the mapping is one-to-many, then the current formalism cannot be applied to obtain a
unique form of G(piϕ, γ, Y, ϕ) and hence, for those kind of models, this approach is not
applicable.
Chapter 5
Primordial magnetogenesis and vector
Galileon
5.1 Introduction
Since the early days of quantum electrodynamics, higher derivative field theories [99,
100] have been proposed to improve the divergence structure. However, higher-derivative
theories suffer from Ostrogradsky instability [74, 75]. These negative energy states can
be traded by negative norm states leading to non-unitary theories [101, 102, 103].
Recently, it has been realized that it is possible to construct scalar field theories
whose action can have higher derivatives, however, the equations of motion are still
second order. These are referred to as Galilean models and do not suffer from Ostro-
gradsky instabilities [104, 28, 29, 88, 95]. Scalar Galilean theories have a lot in com-
mon with Lovelock theories of gravity [105, 106]. Lovelock theories are obtained by
imposing three conditions — gravity must be described by metric and its derivatives,
diffeomorphism invariance and equations of motion be quasi-linear. Using these con-
ditions, it can be shown that Einstein’s gravity is unique in 4-D. In higher dimensions,
R2−4RabRab+RabcdRabcd also lead to quasi-linear equations of motions. Lovelock exten-
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sions of Einstein gravity are shown to be free of ghost and evade problems of Unitarity
[107, 108].
It is natural to ask: Can we construct a higher derivative Electromagnetic (EM) field ac-
tion by demanding following three conditions: theory be described by vector potential Aµ and
its derivatives, Gauge invariance is satisfied and equations of motion be second order? In this
chapter, we explicitly construct a higher-derivative EM action satisfying the above con-
ditions. We show that the higher-derivative terms in the action vanishes in the flat
space-time and hence, do not have any observable consequences in terrestrial experi-
ments [109]. We provide one concrete observational consequence and show that our
model provides an elegant solution to the generation of primordial magnetic field dur-
ing inflation.
The standard EM action in 4-D space-time,
SSEM = −
∫
d4x
4
√−g FµνF µν ;Fµν = ∂µAν − ∂νAµ (5.1)
is conformally invariant [69]. Hence, the equations of motion of the magnetic field in
FRW space-time are time independent [110, 111, 112, 113]:
(
∂2η −∇2
)
(a2B) = 0. (5.2)
Thus, to generate magnetic field during inflation, it is necessary to break conformal in-
variance of the EM action. Starting from Turner and Widrow [67, 68, 114, 115, 116, 117,
118, 119, 120, 121, 122, 123], several authors have suggested many ways to break the con-
formal invariance of the electromagnetic field by introducing (i) coupling of the electro-
magnetic field with the Ricci/Riemann vectors, (ii) non-minimal coupling of the electro-
magnetic field with scalar/axion/fermionic field and (iii) compactifaction from higher
dimensional space-time. Here, we show that the higher derivative EM action generates
the required seed magnetic fields at small length scales. The advantages of our model
compared to earlier approaches is that the new EM action do not have any non-minimal
coupling with other scalar/axion/fermionic fields, and do not require new physics.
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5.2 Modified Electromagnetic action
We consider the following modification to the standard EM action (5.1),
SV G = λ
∫
d4x
√−g αγνµηβ∇αβAγ∇µνAη (5.3)
where ∇ is covariant derivative, λ — whose dimension is inverse mass square — is
the coupling constant that determines the effect of the higher-derivative terms in the
propagation of the EM field. In 4-D space-time, the product of two anti-symmetric
epsilon tensors is given by
αγν µηβ =
∣∣∣∣∣∣∣∣∣
gαµ gαη gαβ
gγµ gγη gγβ
gνµ gνη gνβ
∣∣∣∣∣∣∣∣∣ . (5.4)
Before we proceed, it is important to understand how the above action behaves in the
flat Minkowski space-time: First, the contraction between the first and third indices of
the epsilon tensor and the derivative of the vector potential αγνµηβ∇αβAγ∇µνAη en-
sures no higher derivative terms in the equations of motion. Second, since the metric
is constant, SV G is a non-dynamical term (boundary term or vanishes identically) and
does not affect the equations of motion. This is the no-go theorem by Deffayet et al [109].
Third, the covariant derivatives ∇ are replaced by partial derivatives ∂. Hence, in flat
space-time, contraction between first two indices of the epsilon tensor and derivative of
the vector potential αγδ∂αδAγ preserves gauge-invariance.
However, in curved space-time, action (5.3) is not a boundary term. The product of
epsilon tensors (5.4) is a function of metric, thus the above action in curved space-time
can not be written as a boundary term. Hence, the above action modifies the equations
of motion of the electromagnetic field. Also, covariant derivatives of the vector potential
lead to extra connection terms in the action which are not gauge-invariant. Thus, these
additional terms can also lead to higher-derivative terms in the equation of motion.
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The fact that the action (5.3) is gauge-invariant in flat space-time implies that we
need to include non-minimal coupling terms of the electromagnetic potential and its
derivatives with the Riemann/Ricci tensors and Ricci scalars. However, ab initio we do
not know the non-minimal coupling terms and, we need to consider all possible terms.
In Appendix (D.1), we have listed twelve possible non-minimal coupling terms. Thus,
the modification to the electromagnetic action is:
SV EC = SV G + λ
12∑
i=1
Si. (5.5)
where Si’s for i = 1, · · · , 12 are given in Appendix (D.1), Di’s are the twelve unknown
coefficients and are dimensionless and λ is the coupling constant in action (5.3).
Demanding that the above action is gauge-invariant in curved space-time and that
the equations of motion do not contain higher order terms, the coefficients Di’s can be
fixed uniquely in-terms of D1 (See Appendix D.2). Thus, the model has one unknown
coupling parameter λ that can be fixed from observations. The modified electromag-
netic action is
SEM =
∫
d4x
√−g
(
−1
4
FµνF
µν + AµJ
µ
)
+ SV EC (5.6)
where the first two terms correspond to the standard electromagnetic action.
This is the first key result of this chapter, regarding which we would like to stress
the following points. First, in the flat space-time, SV EC becomes zero, thus the above
reduces to standard electromagnetic action. Second, from the equation of motion of A0
in the FRW background,
ds2 = −N2dη2 + a2dx2 (5.7)
where N(η) is an arbitrary Lapse function, the scalar potential is given by:
Φ ≡ −A0 = 1
4pi (1− 4DH2)
ρ(~r0)
r
(5.8)
where D ≡ λ (1 + 3D1). Thus, the effect of action (5.5) is to change the permitivity
to  ≡ (1 − 4DH2) where H is the Hubble constant. The electrostatic potential still
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goes as inverse of the distance. Permitivity being positive provides a condition on the
value of D. If D is negative all values are allowed, however, if D is positive, 4DH2 < 1.
Thus, the modified action does not have any observable consequence in the terrestrial
experiments. However, as we will show in the rest of this chapter, the above modified
action has important consequence in the early Universe.
5.3 Breaking of conformal invariance and consequences
Having discussed the model and the effect on the Coloumb potential, let us now look
at the effects in the early Universe. Since the FRW background is conformally flat, the
background gravitational field does not produce particles in the case of standard elec-
tromagnetic action (5.1) [69]. However, the modified action (5.5) explicitly breaks con-
formal invariance. The modified action can have significant contribution in the early
Universe, thus leading to production of magnetic fields. Since we are interested in par-
ticle production, we consider only (5.5) and drop the standard EM action.
Since action (5.5) is gauge-invariant, we choose Coulomb gauge (A0 = 0) and obtain
all the physical quantities. In the FRW background (5.7), action (5.5) becomes:
SV EC = D
∫
d4x
[
− 2 a
′2
N3 a
A′i
2 + 2
a′′
N a2
(∂iAj)
2 − 2 a
′N ′
N2 a2
(∂iAj)
2
]
. (5.9)
Varying the above action with respect to Ai and setting N(η) = a(η), leads to the follow-
ing equations of motion:
A′′i + 2
J ′
J
A′i −
(aJ)′
(aJ)2
∇2Ai = 0, where J ≡ H
a
. (5.10)
Fourier decomposing the vector potential Ai [110, 111, 112, 113], we get
Aˆi(η,x) =
√
4pi
∫
d3k
(2pi)3/2
2∑
Λ=1
Λi(k)
[
bˆΛkAk(η)e
ik.x + bˆΛ†k A
∗
k(η)e
−ik.x
]
, (5.11)
where Λ corresponds to two orthonormal transverse polarizations and Λi are the polar-
ization vectors. Substituting (5.11) in (5.10), we get
A′′k + 2
J ′
J
A′k + k
2 (aJ)
′
(aJ)2
Ak = 0. (5.12)
130 Chapter 5. Primordial magnetogenesis and vector Galileon
By fixing the initial state of the electromagnetic field, we can evaluate the vector poten-
tial at a later times.
To compare with the observations, we need to evaluate the energy density [119, 120,
121, 122]. 0− 0 component of the energy momentum tensor Tµν in the FRW background
(5.7) is
T00 = −N
2
a3
δL
δN
.
The energy density in conformal coordinates is:
ρ ≡ −T 00 = −6D
H2
a6
δijA′iA
′
j + 4D
H2
a6
δikδjl ∂iAj ∂kAl + 4D
H
a6
δij Ai
′∇2Aj (5.13)
The first term is the energy density of the Electric field (ρE). Second and third terms are
the energy densities of the magnetic field (ρB) and (ρB.B′), respectively:
Using the decomposition (5.11), the electric, magnetic part of the perturbation spec-
trum per lograthmic interval can be written as:
PB(k) ≡ ddlnk 〈0|ρˆB2|0〉 =
16DH2
pi
k5
a6
|Ak|2 (5.14)
PE(k) ≡ ddlnk 〈0|ρˆE2|0〉 = −
24DH2
pi
k3
a6
|A′k|2 (5.15)
P
B.B′ (k) ≡
d
dlnk
〈0|ρˆ
B.B′ |0〉 = −
16DH
pi
k5
a6
A′kA
∗
k . (5.16)
It is important to note the following: In the standard electromagnetic action, the energy
density is always positive and can be written as (BiBi + EiEi). However, in our case,
it is given by D (H2BiBi −H2EiEi −HB′iBi). During most part of the evolution of
the Universe, electrical conductivity is high [5], hence, electric fields decay and do not
contribute to the energy density. This implies that D > 0.
Until now the analysis has been general and can be applied at any stage of the Uni-
verse evolution. In the rest of this chapter, we calculate the energy density of the elec-
tromagnetic field during inflation. We assume that the inflation is driven a scalar field
and that the energy density of the electromagnetic do not contribute to the accelerated
expansion during inflation. In other words, we treat the electromagnetic field as a test
field and obtain the power spectrum.
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Let us first consider power-law inflation i. e. a(t) = a0tp; a(η) = a0 (−η)1+β , where
p > 1; β ≤ −2. Note that β = −2 corresponds to de Sitter. Substituting a(η) in (5.12), we
have:
A′′k +
(
c2sk
2 − (2 + β)(3 + β)
η2
)
Ak = 0 (5.17)
where Ak ≡ J(η)Ak and cs ≡ − 11+β > 0. This is the second key result of this chapter.
The electromagnetic perturbations do not propagate at the speed of light. This is not
unusual, as the scalar perturbations in Galileon inflation also propagate less than the
speed of light [26, 27, 73], however, the two speeds are not the same.
During power-law cs is a constant and the solution to the above differential equation
is given by:
Ak =
√−η
[
C1Jβ+ 5
2
(−cskη) + C2J−β− 5
2
(−cskη)
]
. (5.18)
Imposing the initial condition in the sub-Hubble scales (−kη → ∞) that the field is in
vacuum state corresponds to Ak → 1√2cske−icskη. This leads to:
C1 =
√
pi
4
ei(β+1)
pi
2
cos (βpi)
, C2 =
√
pi
4
e−iβ
pi
2
cos (βpi)
. (5.19)
It is important to note that for β ≤ −5/2, Jβ+5/2 dominates, however, J−(β+5/2) dominates
for β ≥ −5/2.
From (5.18), we can obtain the spectra of the energy-densities (5.14, 5.15) and (5.16)
at the crossing of the sound horizon (csk∗ = a∗H∗ = 1+βη∗ ). The magnetic part of the
energy density is (see Appendix D.3):
PB = 16D
pi c11+2βs
F1(β)H4∗
(
k
k∗
)10+2β
for β < −5
2
, F1(β) = |C1|
2
22β+5 (Γ(β + 7/2))2
=
16D
pi c1−2βs
F2(β)H4∗
(
k
k∗
)−2β
for β > −5
2
, F2(β) = |C2|
2
2−2β−5 (Γ(−β − 3/2))2 (5.20)
This is the third key result regarding which we would like to stress the following
points: First, for β = −5, the magnetic spectra is scale invariant. However, for β = −5,
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the electric field energy density diverges. Hence, β = −5 is ruled out as that will lead
to negative energy density (since D > 0). Second, for β ' −2, the spectra is highly
blue-titled. To go about understanding the consequence of the same, the energy spectra
during the slow-roll inflation [21] is given by (see Appendix D.4):
PB = 8D
pi c5s
H4∗
(
k
k∗
)4
; cs = 1− 1 (5.21)
where 1 is the first slow-roll parameter [21]. It is interesting to note that at the start
of inflation 1  1 and the speed of the EM perturbations is close to unity. However,
during inflation, as 1 increases, the speed of perturbations decrease, hence, leading to
larger value of the energy spectrum. The condition for the exit of inflation is 1 = 1 and,
the speed of these perturbations vanishes and the above analysis fails at 1 = 1. Our
model predicts a highly blue-tilted magnetic and electric spectrum [124]. Finally, it is
important to note that the power-spectrum in our model has the same blue-tilt as that of
the vacuum polarization power-spectrum in the standard electromagnetic action. How-
ever, the power-spectrum evaluated here is due to particle production during inflation
and depends on D and cs [67, 69]. To fix these values and compare with observations,
we need to evolve magnetic fields to the current epoch.
5.4 Post inflationary evolution
Reheating is expected to convert the energy in inflaton field to radiation [21] and Uni-
verse for most cosmic history has been good conductor (σ  1). Assuming instanta-
neous reheating, the equation of motion of Ai for large wavelength modes is [110, 111,
112, 113]:
A¨i +
σ +H
(
1− 8DH˙ − 4DH2
)
1− 4DH2 A˙i = 0 (5.22)
where J i = −gijσA˙j . At late times, using Eq. (5.8), we have DH2  1. Hence, the above
equation reduces to:
A¨i + σ A˙i = 0 ⇒ Ai = C1(x)t−σ t + C2(x) , (5.23)
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which is same as standard EM action (5.1). Thus, the vector potential Ai is constant in
time implying that the electric field vanishes and magnetic field decays as a−2. During
Radiation-dominated era, H ∝ a−2, and the energy density corresponding to SV EC de-
cays as a−6. However, the energy density of the standard EM action goes as a−4. At late
times, only EM action (5.1) contributes.
5.5 Constraints from observations
To compare whether the generated magnetic field (5.21) has the right magnitude needed
to seed galactic fields, we need to compare ρB with radiation background energy den-
sity ργ ∝ T 4. This is because, the magnetic field generated during inflation evolve as
ρB ∝ a−4 [110, 111, 112, 113, 67, 21] which is same as ργ . Hence, the dimensionless
quantity r ≡ ρB/ργ remains approximately constant and provides a convenient method
to constrain the primordial magnetic field [67]. From Eq. (5.21), we get,
r ∼ D
cs
10−104 λ−4MpceV
2 . (5.24)
Note that D has dimensions of inverse mass square. The field strength required to seed
galactic fields with an efficient galactic dynamo translates to r ∼ 10−34 [110, 111, 112,
113, 67]. For length scales of 1Mpc, this translates to D/cs ∼ 1070. Using the fact that
permitivity has to be positive, from Eq. (5.8), we get D ∼ 10−46 eV−2. Thus, near the exit
of inflation, cs ∼ 10−116.
This is the last key result of this chapter and we would like the stress the following
points: First, at the early epoch of inflation 1  1, implying that, cs ∼ 1, Hence, the en-
ergy density of the magnetic fields generated at the early epoch of inflation is tiny and
the magnetic fields, present at decoupling and homogeneous on scales larger than the
horizon at that time is much less than the current limit of B ≤ 10nG [110, 111, 112, 113].
Second, appreciable seed magnetic fields are generated only close to the exit of infla-
tion. Thus, our model naturally generates appreciable magnetic field at Mpc scale as
the modes that leave the horizon close to the exit of inflation re-enter early during ra-
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diation epoch and an efficient dynamo mechanism can generate the observed magnetic
field. Thus, our model generates appreciable magnetic fields only for smaller wave-
length modes. This is the key unique feature of our model compared other proposed
models for magnetogenesis.
5.6 Conclusions and discussions
In this chapter, by demanding that the theory be described by vector potentialAµ and its
derivatives, Gauge invariance be satisfied, and equations of motion be linear in second
derivatives of vector potential, we have constructed a higher derivative electromagnetic
action that does not have ghosts and preserve gauge invariance. We have shown that
the higher order terms vanish in the flat space-time and hence, consistent with the no-go
theorem by Deffayet et al [109].
We have shown that the model breaks conformal invariance and hence, can generate
magnetic field during inflation, the modes generated propagate less than the speed of
light and the speed of propagation depends on the slow-roll parameter (5.21). We have
explicitly shown that our model generates appreciable magnetic field for small wave-
length modes (∼ Mpc) while the model generates tiny magnetic fields for large wave-
length modes. This is one of the unique feature of our model compared other models
that generate magnetic field during inflation. The energy density of the magnetic field
is appreciable only at the end of inflation and hence, our model does not lead to any
back-reaction.
For the inflation to end, 1 = 1. The model proposed can generate appreciable mag-
netic field near the exit and, in principle, can provide a dynamical mechanism for the
exit of inflation. This precise exit calculation is under investigation.
The magnetic field spectra generated in our model is blue tilted. This should be
contrasted with other models where the spectra can be fine tuned [119, 120, 121, 122].
Recently, Kahniashvili et al [124] have done a detailed analysis to place constraints on
the primordial magnetic field from the cosmological data including models that have
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blue tilt. It is interesting to investigate how the mass dispersion σ(M, z) behaves and its
effect on the structure formation. This is currently under investigation.
Chapter 6
Conclusions and future outlook
One of the main aim of the thesis is to use Hamiltonian analysis of cosmological pertur-
bations to improve theoretical predictions about the early Universe. As mentioned ear-
lier, there are several formalisms and mathematically they always do not lead to same
equations of motion [70]. Therefore, we not only extensively studied these formalisms,
but also compared with each other to analyze the inconsistency of each formalisms.
We learnt that in order to constrain models of the early Universe, we need to evaluate
higher order correlation functions of curvature perturbations and match them with ob-
servations. To evaluate higher order correlations, we need to to go beyond linear order
perturbations and evaluate interaction Hamiltonian of the system. There exists many
approaches to calculate interaction Hamiltonian, however, Hamiltonian framework has
never been used to evaluate this. In this thesis, we obtained a consistent Hamiltonian
framework for cosmological perturbation theory and showed that, this framework is
not only simple, robust and efficient in calculating interaction Hamiltonian but also
provides extra information about the true degrees of freedom of the system.
Second aim of the thesis is to extend the standard electromagnetic theory by includ-
ing higher derivative terms in the action such that the equations of motion are second
order and gauge-invariance is preserved. Recently, Deffayet et al. [109] proved a no-go
theorem that states that constructing such a Lagrangian in flat Minkowski space-time
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is not possible. We showed that it is possible to construct such Lagrangian in curved
space-time. The U(1) gauge symmetry is preserved, however, conformal symmetry is
broken. Hence, it can lead to generation of magnetic fields in early Universe.
This chapter is divided into two parts — the first part discusses the main conclusions
of the thesis, more specifically, chapter-wise conclusions, and the second part looks at
the future outlook of the thesis.
In chapter (2), we, first, focused on the equivalence of two approaches — order-by-
order gravity equations approach and reduced action approach [78]. In this chapter, we
established that, by choosing all perturbations consistently, both the approaches lead
to same equations of motion for canonical and non-canonical scalar fields. We also
proved that the equivalence between the two approaches are generally true for any
gravity model at any order of perturbations. While comparing both the approaches, we
obtained ‘constraint consistency’ condition where the constrained nature of Lapse func-
tion and shift vector are studied. We showed that, to obtain the reduced equation(s),
perturbed Lapse function and perturbed Shift vector have to act as ‘constraints’ and the
equations of motion should not contain time derivatives of Lapse function and Shift
vector. In other words, Lapse function and Shift vector should not behave as dynamical
variables. We then applied ‘constraint consistency’ to higher derivative theories of grav-
ity. One common problem with higher derivative theories is that they suffer from Os-
trogradsky’s instabilities, i.e., Hamiltonian is not bounded . We showed that the models
with ‘constraint inconsistency’ also suffers from Ostrogradsky’s instabilities, however,
we also found that, there exist some models where constraint consistency is satisfied but
they still suffer from instabilities. In other words, the action can be reduced to a single
variable form but the reduced equation contains higher time derivative.
As mentioned earlier, in order to match theory with observations, we need to know
the Hamiltonian of the system for the canonical quantization of the reduced field. Till
now, the approach has been to start with a Lagrangian and at every order convert it to
Hamiltonian. However, a proper Hamiltonian framework has never been used before
to obtain this. Langlois [62] first provided Hamiltonian formalism for canonical scalar
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fields at linear order perturbation. However, the approach is very difficult to extend for
any generalized field at any order of perturbations. The main problem of Hamiltonian
formalism is to obtain gauge-invariance in Hamiltonian framework. In chapter (3), we
constructed generalized Hamiltonian formalism for cosmological perturbations by suc-
cessfully incorporating gauge conditions as constraints. We first applied the mechanism
for canonical scalar fields and then applied for Galilean scalar fields [95]. An interest-
ing property of Galileons is that, the action contains second order time derivative of the
field, however, equations of motion are still second order. Using consistent Hamiltonian
framework, we showed that, in case of Galileons, there are no extra degrees of freedom
even though the action contains higher order time derivative. We also showed that,
our method is model independent, can be applied to any types of fields at any order
of perturbations. Finally, we obtained interaction Hamiltonian without any approxima-
tions unlike the previous method and showed that, our approach is simple, robust and
efficient than the earlier approach.
In chapter (3), we first provided a generic Hamiltonian formulation for arbitrary
fields for cosmological perturbations and showed that, it can even be applied for any
order of perturbations. However, the approach can be applied only if the Hamilto-
nian of the system is known. In certain non-canonical scalar fields, it may be possible
but, due to non-inversion of Legendre transformation, Hamiltonian of generalized non-
canonical scalar fields cannot be obtained. In chapter (4), we showed that, we can obtain
Hamiltonian of generalized non-canonical scalar fields by introducing a new phase-
space variable [98]. We then applied our Hamiltonian approach discussed in chapter (3)
[95] to non-canonical scalar fields and showed that, the equations of motion are con-
sistent. While studying perturbation theory for non-canonical scalar fields, we also
discovered that, due to the new phase-space variable, we obtained a new expression
of speed of sound in terms of phase-space variables. We also provided the inversion
relations between phase-space variables (and its derivatives) and configuration-space
variables (and its derivatives) to compare and contrast general Hamilton’s equations
to Euler-Lagrange equations. We provided third and fourth order interaction Hamil-
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tonian for non-canonical scalar fields without any approximations. Finally, using the
technique to write down the Hamiltonian for models where Legendre transformation in
non-invertible, we extended our perturbed Hamiltonian approach to generalized higher
derivative theories like Horndeski model.
In chapter (5), we focused on a different aspect of early Universe: primordial magne-
togenesis using higher derivative theories [125]. The origin of µGauss strength magnetic
fields in the galaxies and clusters of galaxies is one of the long-standing problems in
astrophysics and cosmology. These fields could have arisen from the dynamo amplifi-
cation of seed fields. However, the dynamo mechanism needs the seed magnetic fields.
The key question is whether these seed magnetic fields were generated in the early
Universe. The origin and detection of these seed magnetic fields is a subject of intense
study. Cosmological inflation has been successful in providing a causal mechanism for
the generation of the large scale density perturbations and temperature fluctuations in
the Cosmic microwave background. However, inflation can not provide the necessary
amplitude for the seed magnetic field. One reason is that the 4-dimensional electro-
magnetic action is conformally invariant. Several mechanisms have been proposed in
the literature to break the conformal invariance of the electromagnetic action. All these
mechanisms either require coupling of 4-vector potential to scalar field or breaking of
gauge invariance or introducing ghosts. In chapter (5), we provided a new way of
breaking conformal invariance to the 4-dimensional electromagnetic action without in-
troducing ghosts or breaking gauge invariance or coupling to any scalar field. In the
modified electromagnetic (vector Galileon) model, as in standard electrodynamics, the
scalar potential between two static charges scale as inverse of the distance. One of the
interesting feature of this model is that the appreciable magnetic fields can be generated
at Mpc length scales and tiny magnetic fields are generated in Gpc scales.
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Future outlook
Based on the conclusions listed above, the thesis seeks further work in an effort to in-
vestigate the signature of the early Universe in the context of higher order perturbation
theory. Below, we list out some of the important future outlook of the thesis.
In chapters (3) and (4), we have developed a generalized Hamiltonian approach
for cosmological perturbations. The main application of this is to provide a simple
approach to calculate interaction Hamiltonian which is needed to evaluate correlation
functions. We also have shown that, our results match with the result obtained in the
previous approach only in the case of linear order perturbations. However, if we con-
sider higher order perturbations in the metric as well as matter in the first place, and
include that to calculate interaction Hamiltonian, it would give a significant corrections
to it. Till now, we do not know how to interpret such higher order perturbations as in the
previous method, only linear order perturbations are considered. But, in our proposed
approach, that is not the case and hence, it can give us a new effects of higher order
perturbations in the correlations functions. Another useful application of our approach
is that, it can be applied to any kind of model at any order of perturbations, hence, it can
even be applied where the previous approach fails. Although we have focused on early
Universe, the Hamiltonian formalism can be applied to the late Universe, especially to
study the effects of dark energy perturbations on the structure formation.
As mentioned in chapter (5), appreciable magnetic field is generated at the end of
the inflation. Our model can provide a natural way to end the inflation. One important
consequence is to see how the coupling of the electromagnetic field with standard model
particles can provide new features during reheating.

Appendix A
A.1 Coefficients of second order equation of motion of
non-canonical scalar field
CX = ϕ
′′
2 − 2φ1ϕ′′1 − φ2ϕ′′0 −∇2ϕ2 − 2φ′1ϕ′1 − φ2ϕ′0 + 2Hϕ′2 + 3ϕ′′0φ21 − 2φ1∇2ϕ1 + 6φ1φ′1ϕ′0 −
4Hφ1ϕ′1 − 2Hφ2ϕ′0 − ϕ′0∇2B2 − 2ϕ′1∇2B1 − 4δij∂iB1∂jϕ′1 − 2δij∂iφ1∂jϕ1 − 2δij∂iϕ1∂jB′1 +
6Hϕ′0φ21 + 2φ1ϕ′0∇2B1 + 2δijϕ′0∂iB1∂jφ1 − 2δijϕ′0∂iB1∂jB′1 − 4Hδij∂iB1∂jϕ1 −
δij∂iB1∂jB1ϕ
′′
0 − 2Hδijϕ′0∂iB1∂jB1 (A.1)
CXX = a
−2φ′2ϕ
′
0
3 − 3a−2ϕ′′0ϕ′12 − a−2ϕ′′2ϕ′02 − 12a−2φ1φ′1ϕ′03 + 8a−2φ1ϕ′′1ϕ′02 +
4a−2φ2ϕ′′0ϕ
′
0
2
+ 8a−2φ′1ϕ
′
1ϕ
′
0
2 − 6a−2ϕ′0ϕ′1ϕ′′1 − 3a−2ϕ′0ϕ′2ϕ′′0 − 21a−2ϕ′′0φ21ϕ′02 −
2a−2φ1∇2B1ϕ′03 − 2a−2φ1∇2ϕ1ϕ′02 + 18a−2φ1ϕ′0ϕ′1ϕ′′0 − a−2φ2Hϕ′03 + 2a−2ϕ′0ϕ′1∇2ϕ1 +
4a−2δijϕ0∂iϕ1∂jϕ′1 + 2a
−2ϕ′1∇2B1ϕ′02 − 2a−2δij∂iB1∂jφ1ϕ′03 +
2a−2δij∂iB1∂jB′1ϕ
′
0
3
+ 4a−2δij∂iB1∂jϕ′1ϕ
′
0
2 − 2a−2δij∂iφ1∂jϕ1ϕ′02 + a−2δij∂iϕ1∂jϕ1ϕ′′0 +
2a−2δij∂iϕ1∂jB′1ϕ
′
0
2
+ a−2Hϕ′2ϕ′02 + 3a−2Hφ21ϕ′03 − 2a−2Hφ1ϕ′1ϕ′02 +
6a−2δijϕ′0∂iB1∂jϕ1ϕ
′′
0 + 4a
−2δij∂iB1∂jB1ϕ′′0ϕ
′
0
2 − a−2Hδij∂iB1∂jB1ϕ′03 −
2a−2Hδij∂iB1∂jϕ1ϕ′02 (A.2)
CXXX = 2a
−4φ1φ′1ϕ
′
0
5 − 2a−4φ1ϕ′′1ϕ′04 + a−4Hφ2ϕ′05 − a−4φ2ϕ′′0ϕ′04 − 2a−4φ′1ϕ′1ϕ′04 +
2a−4ϕ′1ϕ
′′
1ϕ
′
0
3 − a−4Hϕ′2ϕ′04 + a−4ϕ′2ϕ′′0ϕ′03 − 8a−4Hφ21ϕ′05 − 5a−4Hϕ′03ϕ′12 +
11a−4ϕ′′0φ
2
1ϕ
′
0
4
+ 6a−4ϕ′′0ϕ
′
0
2
ϕ′1
2
+ 12a−4Hφ1ϕ′1ϕ′04 − 16a−4φ1ϕ′1ϕ′′0ϕ′03 +
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a−4Hδij∂iB1∂jB1ϕ′05 + 2a−4Hδij∂iB1∂jϕ1ϕ′04 + a−4Hδij∂iϕ1∂jϕ1ϕ′03 −
a−4δij∂iB1∂jB1ϕ′′0ϕ
′
0
4 − 2a−4δij∂iB1∂jϕ1ϕ′′0ϕ′03 − a−4δij∂iϕ1∂jϕ1ϕ′′0ϕ′02 (A.3)
CXXXX = a
−6Hφ21ϕ′07 + a−6Hϕ′05ϕ′12 − a−6ϕ′′0φ21ϕ′06 − a−6ϕ′′0ϕ′04ϕ′12 −
2a−6Hφ1ϕ′1ϕ′06 + 2a−6φ1ϕ′1ϕ′′0ϕ′05 (A.4)
CXXXϕ = a
−4φ21ϕ
′
0
6
+ a−4ϕ′0
4
ϕ′1
2 − 2a−4φ1ϕ′1ϕ′05 + 2a−4Hφ1ϕ′05ϕ1 − 2a−4φ1ϕ′′0ϕ′04ϕ1 −
2a−4Hϕ′1ϕ′04ϕ1 + 2a−4ϕ′1ϕ′′0ϕ′03ϕ1 (A.5)
CXXϕ = a
−2φ2ϕ′0
4 − a−2ϕ′′2ϕ′03 − 5a−2φ21ϕ′04 − 4a−2ϕ′02ϕ′12 + 8a−2φ1ϕ′1ϕ′03 +
2a−2φ′1ϕ
′
0
3
ϕ1 − a−2ϕ′′0ϕ′02ϕ2 − 2a−2ϕ′′1ϕ′02ϕ1 + 8a−2φ1ϕ′′0ϕ′02ϕ1 +
a−2δij∂iB1∂jB1ϕ′0
4
+ 2a−2δij∂iB1∂jϕ1ϕ′0
3
+ a−2δij∂iϕ1∂jϕ1ϕ′0
2 − 6a−2ϕ′0ϕ′1ϕ′′0ϕ1 +
a−2Hϕ′03ϕ2 − 2a−2Hφ1ϕ′03ϕ1 + 2a−2Hϕ′1ϕ′02ϕ1 (A.6)
CXXϕϕ = 2a
−2φ1ϕ′0
4
ϕ1 − 2a−2ϕ′1ϕ′03ϕ1 − a−2ϕ′′0ϕ′02ϕ21 + a−2Hϕ′03ϕ21 (A.7)
CXϕ = ϕ
′
1
2
+ ϕ′0ϕ
′
2 + ϕ
′′
0ϕ2 + 2ϕ
′′
1ϕ1 + φ
2
1ϕ
′
0
2 − 2φ1ϕ′0ϕ′1 − 2φ1ϕ′′0ϕ1 −
δij∂iϕ1∂jϕ1 − 2δij∂ijϕ1ϕ1 − 2φ′1ϕ′0ϕ1 + 2Hϕ′0ϕ2 + 4Hϕ′1ϕ1 −
4Hφ1ϕ′0ϕ1 − 2δijϕ′0∂iB1∂jϕ1 − 2δijϕ′0∂ijB1ϕ1 (A.8)
CXϕϕ = ϕ
′′
0ϕ
2
1 + ϕ
′
0
2
ϕ2 + 2ϕ
′
0ϕ
′
1ϕ1 + 2Hϕ′0ϕ21 (A.9)
CXϕϕϕ = ϕ
′
0
2
ϕ21 (A.10)
Cϕ = a
2φ2 − a2φ21 + a2δij∂iB1∂jB1 (A.11)
Cϕϕ = a
2ϕ2 + 2a
2φ1ϕ1 (A.12)
Cϕϕϕ = a
2ϕ21 (A.13)
A.2 Second order single variable equation of motion for
non-canonical scalar field for Power-law inflation
Fourth order action for non-canonical scalar field, after partial integration is,
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(4)S =
∫
d4x
(
3φ1φ2δ
ija′∂ijB1κ−1a+
1
8
PXφ
2
2ϕ
′
0
2
a2 +
1
4
Pφ22a
4 +
1
4
PXφ2δ
ij∂iB1∂jB1ϕ
′
0
2
a2 +
1
2
Pφ2δ
ij∂iB1∂jB1a
4−
3
2
PXφ2φ
2
1ϕ
′
0
2
a2 − 3Pφ2φ21a4 −
1
4
φ2δ
ijδkl∂ikB1∂jlB1κ
−1a2 +
1
4
φ2δ
ijδkl∂ijB1∂klB1κ
−1a2 − 3
2
PXφ1φ2ϕ
′
0ϕ
′
1a
2+
1
4
PXφ2ϕ
′
0ϕ
′
2a
2 +
1
4
PXδ
ijϕ′0ϕ
′
2∂iB1∂jB1a
2 − 3
4
PXϕ
′
0ϕ
′
2φ
2
1a
2 +
1
4
PXφ2ϕ
′
1
2
a2 +
1
2
PXφ1ϕ
′
1ϕ
′
2a
2 − 1
8
PXϕ
′
2
2
a2−
1
2
PXφ2δ
ijϕ′0∂iB1∂jϕ1a
2 − 1
2
PXφ1δ
ijϕ′0∂iB1∂jϕ2a
2 +
1
2
PXδ
ijϕ′1∂iB1∂jϕ2a
2 +
1
2
PXδ
ijϕ′2∂iB1∂jϕ1a
2+
1
8
PXδ
ij∂iϕ2∂jϕ2a
2 − 9
4
PXXφ2φ
2
1ϕ
′
0
4
+ 3PXXφ1φ2ϕ
′
1ϕ
′
0
3
+
3
2
PXXϕ
′
2φ
2
1ϕ
′
0
3 − 2PXXφ1ϕ′1ϕ′2ϕ′02+
1
2
PXXφ1δ
ij∂iB1∂jϕ2ϕ
′
0
3
+
1
2
PXXφ1δ
ij∂iϕ1∂jϕ2ϕ
′
0
2
+
1
8
PXXφ
2
2ϕ
′
0
4
+
1
4
PXXφ2δ
ij∂iB1∂jB1ϕ
′
0
4 − 1
4
PXXφ2ϕ
′
2ϕ
′
0
3−
PXXφ2ϕ
′
0
2
ϕ′1
2
+
1
2
PXXφ2δ
ij∂iB1∂jϕ1ϕ
′
0
3
+
1
4
PXXφ2δ
ij∂iϕ1∂jϕ1ϕ
′
0
2 − 1
4
PXXδ
ijϕ′2∂iB1∂jB1ϕ
′
0
3
+
3
4
PXXϕ
′
0ϕ
′
2ϕ
′
1
2 − 1
2
PXXδ
ijϕ′1∂iB1∂jϕ2ϕ
′
0
2 − 1
2
PXXδ
ijϕ′0ϕ
′
1∂iϕ1∂jϕ2 +
1
8
PXXϕ
′
0
2
ϕ′2
2 − 1
2
PXXδ
ijϕ′2∂iB1∂jϕ1ϕ
′
0
2
− 1
4
PXXδ
ijϕ′0ϕ
′
2∂iϕ1∂jϕ1 +
1
8
PY Y ϕ
2
2a
4 +
1
4
PXY φ2ϕ
′
0
2
a2ϕ2 +
1
4
PXY δ
ij∂iB1∂jB1ϕ
′
0
2
a2ϕ2 − 1
2
PXY φ
2
1ϕ
′
0
2
a2ϕ2
− PXY φ1φ2ϕ′02a2ϕ1 +
1
2
PXY φ1ϕ
′
0ϕ
′
1a
2ϕ2 +
1
2
PXY φ2ϕ
′
0ϕ
′
1a
2ϕ1 +
1
2
PXY φ1ϕ
′
0ϕ
′
2a
2ϕ1 − 1
4
PXY ϕ
′
0ϕ
′
2a
2ϕ2−
1
4
PXY ϕ
′
1
2
a2ϕ2 − 1
2
PXY ϕ
′
1ϕ
′
2a
2ϕ1 +
1
2
PXY δ
ijϕ′0∂iB1∂jϕ1a
2ϕ2 +
1
2
PXY δ
ijϕ′0∂iB1∂jϕ2a
2ϕ1 +
1
4
PXY δ
ij∂iϕ1∂jϕ1a
2ϕ2+
1
2
PXY δ
ij∂iϕ1∂jϕ2a
2ϕ1 +
1
4
PXXXφ2φ
2
1ϕ
′
0
6
a(−2) − 1
4
PXXXϕ
′
2φ
2
1ϕ
′
0
5
a(−2) − 1
2
PXXXφ1φ2ϕ
′
1ϕ
′
0
5
a(−2)+
1
2
PXXXφ1ϕ
′
1ϕ
′
2ϕ
′
0
4
a(−2) +
1
4
PXXXφ2ϕ
′
0
4
ϕ′1
2
a(−2) − 1
4
PXXXϕ
′
2ϕ
′
0
3
ϕ′1
2
a(−2) +
1
4
PY Y Y ϕ
2
1a
4ϕ2 +
1
4
PXXY φ
2
1ϕ
′
0
4
ϕ2+
1
2
PXXY φ1φ2ϕ
′
0
4
ϕ1 − 1
2
PXXY φ1ϕ
′
1ϕ
′
0
3
ϕ2 − 1
2
PXXY φ1ϕ
′
2ϕ
′
0
3
ϕ1 − 1
2
PXXY φ2ϕ
′
1ϕ
′
0
3
ϕ1 +
1
4
PXXY ϕ
′
0
2
ϕ′1
2
ϕ2+
1
2
PXXY ϕ
′
1ϕ
′
2ϕ
′
0
2
ϕ1 +
1
2
PXY Y φ1ϕ
′
0
2
a2ϕ1ϕ2 +
1
4
PXY Y φ2ϕ
′
0
2
ϕ21a
2 − 1
2
PXY Y ϕ
′
0ϕ
′
1a
2ϕ1ϕ2 − 1
4
PXY Y ϕ
′
0ϕ
′
2ϕ
2
1a
2+
1
2
PXφ1δ
ij∂iϕ1∂jϕ2a
2 +
1
2
PY Y φ1a
4ϕ1ϕ2 +
1
4
PXφ2δ
ij∂iϕ1∂jϕ1a
2 +
1
4
PY φ2a
4ϕ2 +
1
4
PY Y φ2ϕ
2
1a
4+
1
4
PY δ
ij∂iB1∂jB1a
4ϕ2 − 1
4
PY φ
2
1a
4ϕ2 − 1
2
PY φ1φ2a
4ϕ1
)
(A.14)
We can eliminate φ2, φ1 and B1 using constraint equations. While this is possible for
canonical scalar field, it is highly non-trivial for non-canonical scalar fields. Hence we
consider Power law inflation to reduce the action in a single variable form.
For Power-law, we have
a = a0(−η)β (A.15)
⇒ H ≡ a
′
a
= − β
(−η) (A.16)
and
a′′
a
= −β(1− β)
(−η)2 (A.17)
ϕ0 = ϕc(−η)α (A.18)
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⇒ ϕ0′ = ϕcα(−η)α (A.19)
H2 = −κ
3
(PXϕ0
′2 + P0a2) (A.20)
−2a
′′
a
+H2 = κP0a2 (A.21)
For Power-law inflation, P (X,ϕ) = C
ϕ2
(X2 +X). Solving for C,ϕc and α using above
equations,
α = 1 + β (A.22)
C =
−6β(1− β)
κ(1 + β)2
(A.23)
ϕ0c =
√
2
3
a0
1 + β
√
1− 2β
1− β (A.24)
Using first order Einstein’s equations,
φ1 =
√
3
2
√
1− β
1− 2β
1 + β
a0(−η)1+βϕ1 (A.25)
φ1 = F3ϕ1 (A.26)
∇2B1 = 3
a0
√
3
2
√
1− β
1− 2β (1− 3β)
{ 1 + β
(−η)2+βϕ1 +
1
(−η)1+βϕ
′
1
}
(A.27)
∇2B1 = F1ϕ1 + F2ϕ′1 (A.28)
where,
F1 =
3
a0
√
3
2
√
1− β
1− 2β (1− 3β)
1 + β
(−η)2+β (A.29)
F2 =
3
a0
√
3
2
√
1− β
1− 2β (1− 3β)
1
(−η)1+β (A.30)
F3 =
1
a0
√
3
2
√
1− β
1− 2β
1 + β
(−η)1+β (A.31)
Similarly using second order Einstein’s equations,
∂iφ2 = C1∂iϕ2 + C2ϕ1∂iϕ1 + C3δ
jk∂jϕ1∂ikB1 + C4δ
jk∂jB1∂ikB1 + C5ϕ
′
1∂iϕ1 (A.32)
φ2 = C1ϕ2 +
1
2
C2ϕ
2
1 − δij∂iB1∂jB1 +Q (A.33)
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Q = ∂−1i{C3δjk∂jϕ1∂ikB1 + C5ϕ′1∂iϕ1} (A.34)
where
C1 =
√
3
2
√
1− β
1− 2β
1 + β
a0 (−η)1+β (A.35)
C2 = − 3
2a20
(1 + β)(1− β)(3− 14β + 7β2)
(1− 2β)
1
(−η)2+2β (A.36)
C3 =
√
3
2
√
1− β
1− 2β
(1 + β)
a0β
1
(−η)β (A.37)
C4 = −2 (A.38)
C5 = − 9
2a20
(1− β)2(1− 3β)
β(1− 2β)
1
(−η)1+2β (A.39)
Multiplying the fourth order action (A.14) by 8
3
(1− 2β)2,∫
d4x
[(
A1ϕ
′2
2 + A2∂
iϕ2∂iϕ2 + A3ϕ2ϕ
′
2 + A4ϕ
2
2
)
+ ∂iϕ2
(
B1ϕ1∂iϕ1 +B2ϕ1∂iB1+
B3ϕ
′
1∂iB1 +B4ϕ
′
1∂iϕ1
)
+ ϕ′2
(
D1ϕ
2
1 +D2ϕ
′
1ϕ1 +D3Q+D4ϕ
′
1
2
+D5∂
iB1∂iϕ1+
D6∂
iϕ1∂iϕ1
)
+ ϕ2
(
E1ϕ
2
1 + E2(∇2B1)2 + E3∂ijB1∂ijB1 + E4ϕ1ϕ′1 + E5ϕ′12 + E6Q
+ E7∂
iB1∂iϕ1 + E8∂
iϕ1∂iϕ1
)]
(A.40)
where,
A1 = −3β(1− β)(1− 2β)(1− 3β)
κ(−η)2 (A.41)
A2 = −β(1− β)(1 + β)(1− 2β)
κ(−η)2 (A.42)
A3 = −2β(1− β)(1 + β)(1− 2β)(1− 11β)
κ(−η)3 (A.43)
A4 =
3β(1− β)(1 + β)2(1− 2β)(1 + 3β)
κ(−η)4 (A.44)
B1 = −36β(1− β)(1 + β)(1− 2β)(1− 3β)√
6a0 κ(−η)3+β
√
1− β
1− 2β (A.45)
B2 =
4β(1− β)(1 + β)(1− 2β)(1− 11β)
κ(−η)3 (A.46)
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B3 =
12β(1− β)(1− 2β)(1− 3β)
κ(−η)2 (A.47)
B4 = −48β(1− 2β)
2(1− β)√
6 a0 κ(−η)2+β
√
1− β
1− 2β (A.48)
D1 =
9
√
(1− β)(1− 2β)(1 + β)(1− β)(3− 5β + 5β2 − 83β3)√
6 a0 κ(−η)4+β
(A.49)
D2 =
36β
√
(1− β)(1− 2β)(1− β)(1 + β)(7− 17β)√
6 a0 κ(−η)3+β
(A.50)
D3 = −−12 a0 β
√
(1− β)(1− 2β)(1− 2β)(1− 3β)√
6κ(−η)2−β (A.51)
D4 =
72β
√
(1− β)(1− 2β)(1− β)(1− 2β)√
6 a0 κ(−η)2+β
(A.52)
D5 =
12β(1− β)(1− 2β)(1− 3β)
κ(−η)2 (A.53)
D6 = −24β
√
(1− 2β)(1− β)(1− 2β)(1− β)√
6 a0 κ(−η)2+β
(A.54)
E1 =
9
√
(1− β)(1− 2β)(1− β)(1 + β)2(3− 19β − 3β2 − 77β3)√
6 a0 κ(−η)5+β
(A.55)
E2 =
2 a0
√
(1− β)(1− 2β)(1 + β)(1− 2β)√
6 κ(−η)1−β (A.56)
E3 = −2 a0
√
(1− β)(1− 2β)(1 + β)(1− 2β)√
6 κ(−η)1−β (A.57)
E4 =
72β
√
(1− β)(1− 2β)(1− β)2(1 + β)(3 + 11β)√
6 a0 κ(−η)4+β
(A.58)
E5 =
18β
√
(1− β)(1− 2β)(1− β)(1 + β)(7− 17β)√
6 a0 κ(−η)3+β
(A.59)
E6 = −12 a0 β
√
(1− β)(1− 2β)(1− 2β)(1 + β)(1− 3β)√
6 κ(−η)3+β (A.60)
E7 =
4β(1− β)(1− 2β)(1 + β)(1− 11β)
κ(−η)3 (A.61)
E8 = −18β
√
(1− β)(1− 2β)(1− β)(1 + β)(1− 3β)√
6 a0 κ(−η)3+β
(A.62)
(A.63)
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After taking partial derivative,∫
d4x
[(
A1ϕ
′2
2 + A2∂
iϕ2∂iϕ2 + A5ϕ
2
2
)
+ ϕ2
(
G1ϕ
2
1 + E2(∇2B1)2 + E3∂ijB1∂ijB1+
G2ϕ1ϕ
′
1 +G3ϕ
′
1
2
+G4ϕ1ϕ
′′
1 +G5ϕ
′
1ϕ
′′
1 +G6ϕ∇2ϕ1 +G7ϕ′∇2ϕ1+
G8∂
iϕ1∂iϕ1 +G9∂
iϕ′1∂iϕ1 +G10∂
iϕ1∂iB1 +G11∂
iϕ′1∂iB1 +G12Q+G13Q
′
)]
(A.64)
where,
G1 = E1 −B2F1 −D′1 (A.65)
G2 = E4 − (B2F2 +B3F1)− (D′2 + 2D1) (A.66)
G3 = E5 −B3F2 − (D2 +D′4) (A.67)
G4 = −D2 (A.68)
G5 = −2D4 (A.69)
G6 = −B1 (A.70)
G7 = −B4 (A.71)
G8 = E8 −B1 − (D′6 −D5F3) (A.72)
G9 = −B4 − 2D6 (A.73)
G10 = E7 −B2 − (D′5 − 2HD5) (A.74)
G11 = −B3 −D5 (A.75)
G12 = E6 −D′3 (A.76)
G13 = −D3 (A.77)
so the equation of motion of scalar field for power law K-Inflation is,
2A1ϕ
′′
2 + 2A
′
1ϕ
′
2 + A2∇2ϕ2 + A5ϕ22 = G1ϕ21 + E2(∇2B1)2 + E3∂ijB1∂ijB1+
G2ϕ1ϕ
′
1 +G3ϕ
′
1
2
+G4ϕ1ϕ
′′
1 +G5ϕ
′
1ϕ
′′
1 +G6ϕ∇2ϕ1 +G7ϕ′∇2ϕ1+
G8∂
iϕ1∂iϕ1 +G9∂
iϕ′1∂iϕ1 +G10∂
iϕ1∂iB1 +G11∂
iϕ′1∂iB1 +G12Q+G13Q
′
(A.78)
a0 dependency in the action as well as in the equation of motion can be resolved by
rescaling ϕ1 → a0ϕ1, ϕ2 → a0ϕ2.
Appendix B
B.1 Perturbed equations of motion of Canonical scalar field
in flat-slicing gauge
B.1.1 Background equations
0-0 component of the Einstein’s equation or the Hamiltonian constraint in conformal
coordinate is given by
H2 ≡ a′2a−2 = κ
3
[
1
2
ϕ′0
2 + V a2
]
. (B.1)
Trace of i-j component of the Einstein’s equation gives the equation of motion of a,
which can also be obtained by varying the zeroth order action with respect to a and is
given by
3κ−1H2 − 6 a
′′
a
κ−1 − 3
2
ϕ′0
2 + 3V a2 = 0 (B.2)
and the equation of motion of scalar field at zeroth order takes the form
ϕ′′0 + 2H ϕ
′
0 + Vϕ a
2 = 0. (B.3)
B.1.2 First order perturbed equations
Using the perturbed metric and perturbed scalar field defined in (4.8), (4.9), (4.10) and
(4.11), perturbed Hamiltonian constraint or the first order perturbed 0-0 component of
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the Einstein’s equation becomes
2 δijH ∂ijB1 κ
−1 + 6φ1κ−1H2 + ϕ′0 ϕ
′
1 − φ1ϕ′0 2 + Vϕ a2ϕ1 = 0. (B.4)
Similarly, perturbed Momentum constraint or perturbed 0-i component of the Ein-
stein’s equation is
2H
κ
∂iφ1 = ϕ
′
0 ∂iϕ1 (B.5)
⇒ φ1 = κ
2H
ϕ′0 ϕ1 (B.6)
and equation of motion of the scalar field ϕ1, using (B.3) is given by
ϕ′′1 + 2Hϕ
′
1 − φ′1 ϕ′0 + 2Vϕ φ1a2 − δijϕ′0 ∂ijB1 − δij∂ijϕ1 + Vϕϕ a2ϕ1 = 0. (B.7)
B.1.3 Third order interaction Hamiltonian of Canonical scalar field in
terms of phase-space variables in flat-slicing gauge
Third or higher order perturbed Hamiltonian in terms of first order perturbed variables
is needed to calculate the interaction Hamiltonian which helps to calculate higher or-
der correlation functions. The third order Hamiltonian is obtained by expanding the
Hamiltonian (3.59) up to third order and is given by
HC3 (pi, ϕ) = −
1
2
N1∂iN1
i ∂jN1
j N0
(−2)κ−1a3 + 2 δij∂kN1k pi0ijN0(−2)N12a2 −
2 δijδklκpi0
ijpi0
klN0
(−2)N13a+
1
4
N1δijδ
lk∂kN1
i ∂lN1
j N0
(−2)κ−1a3 +
1
4
N1∂iN1
j ∂jN1
iN0
(−2)κ−1a3 +
1
2
δij∂kN1
i pi0
kjN0
(−2)N12a2 +
1
2
δij∂kN1
i pi0
jkN0
(−2)N12a2 − 2 δij∂kN1k pi0ijN0(−2)N12a2 +
1
2
δij∂kN1
j pi0
kiN0
(−2)N12a2 +
1
2
δij∂kN1
j pi0
ikN0
(−2)N12a2 +
2 δijδklκpi0
ikpi0
jlN0
(−2)N13a+
1
2
N1piϕ1
2a(−3) +N1ipiϕ1∂iϕ1 +
δijδklκpi0
ijpi0
lkN0
(−2)N13a+
1
2
N1δ
ij∂iϕ1 ∂jϕ1 a+
1
2
N1Vϕϕ ϕ1
2a3 +
1
6
N0Vϕϕϕ ϕ1
3a3 (B.8)
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B.2 Hamiltonian formulation of Canonical scalar field in
uniform density gauge
In uniform-density gauge, E = δϕ = 0 and γij = a2(1 − 2ψ1)δij, γij = a2(1 + 2ψ1 +
42ψ21)δ
ij,
√
γ = a6(1 − 6ψ1 + 122ψ21). The second order perturbed Hamiltonian is ob-
tained by expanding the Hamiltonian (3.59) up to second order by using above defini-
tions and is given by
HC2 = δij∂kN1j pi1ika2 − 2 δij∂kN1j pi0ika2ψ1 − 2N1iδjk∂iψ1 pi0jka2 +
δij∂kN1
j pi1
ika2 − 2 δij∂kN1j pi0ika2ψ1 −N0δijδklκpi1ijpi1kla−
2N1δijδklκpi0
ijpi1
kla+ 2N0δijδklκpi0
ijpi1
klψ1a+N1δijδklκpi0
ijpi0
klψ1a+
1
2
N0δijδklκpi0
ijpi0
klψ1
2a+ 2N0δijδklκpi1
ikpi1
jla+ 4N1δijδklκpi0
ikpi1
jla+
N1piϕ0piϕ1a
(−3) + 3N0piϕ0piϕ1a(−3)ψ1 +
3
2
N1piϕ0
2a(−3)ψ1 +
15
4
N0piϕ0
2ψ1
2a(−3) −
2N0δ
ij∂ijψ1 κ
−1ψ1a− 2N1δij∂ijψ1 κ−1a− 3N1V0a3ψ1 + 3
2
N0V0ψ1
2a3
−2N1δijδklκpi0ikpi0jlψ1a−N0δijδklκpi0ikpi0jlψ12a+ 1
2
N0piϕ1
2a(−3)
−4N0δijδklκpi0ikpi1jlψ1a− 3N0δij∂iψ1 ∂jψ1 κ−1a. (B.9)
Since, ϕ is unperturbed, variation of (B.9) with respect to piϕ1 vanishes.
δHC2
δpiϕ1
= 0
⇒ piϕ1 = −N1
N0
piϕ0 − 3piϕ0ψ1 (B.10)
Explicit expression of piij1 is obtained by varying the above Hamiltonian with respect
to piij1 .
∂0γij =
δHC2
δpiij1
⇒ piij1 = κ−1(
1
2
N0
−1aδij∂kN1k + 2N0−1δij∂0aψ1 +N0−1aδij∂0ψ1 − 1
2
N0
−1aδkj∂kN1i )
−N0−1N1pi0ij + pi0ijψ1 (B.11)
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Using the above definitions and varying the Hamiltonian (B.9) with respect to N1,
we get the Hamiltonian Constraint, which, in conformal coordinate becomes
δHC2
δN1
= 0
⇒ −2 δijδklκpi0ijpi1kla+ δijδklκpi0ijpi0klψ1a+ 4 δijδklκpi0ikpi1jla− 2 δijδklκpi0ikpi0jlψ1a+
piϕ0piϕ1a
(−3) +
3
2
piϕ0
2a(−3)ψ1 − 2 δij∂ijψ1 κ−1a− 3V0a3ψ1 = 0
⇒ −3Hψ′1 + δij∂ijψ1 −Hδij∂ijB1 − κφ1V0a2 = 0. (B.12)
Similarly, varying the Hamiltonian with respect toN i1 leads to Momentum constraint
and in conformal coordinate, it becomes
δHC2
δN i1
= 0
⇒ −2δij∂ipijk1 + 4δij∂kψ1pi0ij − 2δjkpi0jk∂iψ1 = 0
⇒ ∂iψ′1 +H∂iφ1 = 0. (B.13)
Finally, the equation of motion of ψ1 is given by
δij
(
∂0pi
ij
1 +
δHC2
δγij
)
= 0
⇒ δij
(
∂0pi
ij
1 +
δHC2
δψ1
∂ψ
∂γij
)
= 0
⇒ 2 δijH ∂ijB1 + δij∂ijB′1 + 6H ψ′ + 3ψ′′ + 3κV0φ1a2 +
3H φ′1 − δij∂ijψ + δij∂ijφ1 = 0. (B.14)
It can be verified that above equations are consistent with Lagrangian equations of
motion.
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B.3 Perturbed Lagrangian equations of motion of Galilean
scalar field in flat-slicing gauge
B.3.1 Background equations
In flat-slicing gauge, using (4.27) and (4.28), (4.10) and (4.11), we get the zeroth order
Lagrangian density of the Galilean field (3.93)
LG0 = −3N0−1κ−1a′ 2a− 2a′N0(−3)ϕ′0 3a2 −N0V0a3. (B.15)
Varying the Lagrangian (B.15) with respect to the zeroth order Lapse function N0,
we get Hamiltonian constraint at zeroth order and it is given by
3N−20 κ
−1a′2a+ 6N−40 ϕ
′
0
3a2a′ − V0a3 = 0. (B.16)
In conformal coordinate, the above equation takes the form
V0a
2 − 6Ha−2ϕ′0 3 − 3κ−1H2 = 0. (B.17)
Similarly, equation of motion of a in conformal coordinate is given by
6H ϕ′0
3a(−2) − 6ϕ′′0 ϕ′0 2a−2 + 3κ−1H2 − 6
a′′
a
κ−1 + 3V0a2 = 0 (B.18)
and equation of motion of ϕ0 in conformal coordinate is given by
a′′
2 aH
ϕ′0
2 − 1
2
Hϕ′0
2 + ϕ′′0ϕ
′
0 −
1
12H
Vϕ a
4 = 0. (B.19)
B.3.2 First order perturbation
In conformal coordinate, it can be shown that, the equation of motion of N1 or the first
order Hamiltonian constraint is
24H φ1ϕ
′
0
3a(−2) − 18ϕ′1H ϕ′0 2a(−2) + Vϕ a2ϕ1 + 2 δij∂ijB1 ϕ′0 3a−2 +
2 δij∂ijϕ1 ϕ
′
0
2a−2 + 2 δijH ∂ijB1 κ−1 + 6φ1κ−1H = 0. (B.20)
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Similarly, equation of motion of N i1 or the first order perturbed Momentum con-
straint is the following
− 6H ∂iϕ1 ϕ′0 2 − 2 ∂iφ1 ϕ′0 3 + 2 ∂iϕ′1 ϕ′0 2 − 2H ∂iφ1 κ−1a2 = 0 (B.21)
and equation of motion of ϕ1 is given by
−18φ1ϕ′0 2H2 + 12ϕ′0 ϕ′1H2 + 18φ1′H ϕ′0 2
+36ϕ′0H ϕ
′′
0 φ1 − 12ϕ′0H ϕ′′1 − 12ϕ′1H ϕ′′0
−12ϕ′0 ϕ′1 a′′ a−1 + 6 δijH ∂ijB1 ϕ′0 2 + 4 δijϕ′0 ϕ′′0 ∂ijB1 +
4 δijϕ′0H ∂ijϕ1 + 4 δ
ijϕ′′0 ∂ijϕ1 + 2 δ
ij∂ijB
′
1 ϕ
′
0
2 + Vϕ φ1a
4 +
Vϕϕ a
4ϕ1 + 2 δ
ij∂ijφ1 ϕ
′
0
2 + 18 a′′ φ1ϕ′0
2a−1 = 0. (B.22)
B.4 Interaction Hamiltonian for higher order correlations
of Galilean scalar field
Third order Interaction Hamiltonian of Galilean scalar field model (3.93), which is needed
to compute Bi-spectrum, can be obtained by substituting (3.133) in the Hamiltonian
(3.108) and extract the third order perturbed part as
H3 = 1
2
N1Vϕϕϕ1
2a3 +N1
ipiλ1∂iλ1 +N1
ipiϕ1∂iϕ1 − piλ0piϕ1N12 − piλ1piϕ0N12
−2N0N1piλ1piϕ1 + piλ1λ1∂iN1i − 3N1S0N02piλ12a3 − 6N0piλ0piλ1S0N12a3
−S0N13piλ02a3 − S1N03piλ12a3 − 6N1piλ0piλ1S1N02a3 − 3N0S1N12piλ02a3
−3
2
N0piλ0piλ1κλ1
2a(−3) − 3
2
N0κλ0λ1piλ1
2a(−3) − 3
4
N1κpiλ0
2λ1
2a(−3) −
N1
ipiλ1λ0∂iN1N0
−1 −N1ipiλ0λ1∂iN1N0−1 −N1δijλ0∂iN1 ∂jϕ1N0(−2)a(−2) +
δijλ1∂iN1 ∂jϕ1N0
−1a(−2) +N1S0δij∂iϕ1 ∂jϕ1 a+N0S1δij∂iϕ1 ∂jϕ1 a−
N1piλ1δijκλ0pi1
ija−1 −N0piλ1δijκλ1pi1ija−1 −N1piλ0δijκλ1pi1ija−1 −
N1δijδklκpi1
ijpi1
kla+ 2N1δijδklκpi1
ikpi1
jla− 3
4
N1κpiλ1
2λ0
2a(−3) +
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N1N1
ipiλ0λ0∂iN1N0
(−2) −N1piλ1δijκλ1pi0ija−1 − 3N1piλ0piλ1κλ0λ1a(−3). (B.23)
First order and zeroth order Hamiltonian relations along with (3.76) can be used to
express the third order Hamiltonian in terms of a single field and its derivatives so that
we can compute the correlation function.
Similarly, fourth Order interaction Hamiltonian, which helps to compute Tri-spectrum,
is given by
H4 = −piλ1piϕ1N12 − 3N0S0N12piλ12a3 − 2 piλ0piλ1S0N13a3 −
S1N1
3piλ0
2a3 − 3
4
N0κpiλ1
2λ1
2a(−3) − 3
2
N1piλ0piλ1κλ1
2a(−3) −
N1
ipiλ0λ0∂iN1N0
(−3)N12 +N1N1ipiλ1λ0∂iN1N0(−2) −
N1
ipiλ1λ1∂iN1N0
−1 + δijλ0∂iN1 ∂jϕ1N0(−3)N12a(−2) +
N1S1δ
ij∂iϕ1 ∂jϕ1 a−N1piλ1δijκλ1pi1ija−1 − 6N0piλ0piλ1S1N12a3
− 3N1S1N02piλ12a3 +N1N1ipiλ0λ1∂iN1N0(−2) − 3
2
N1κλ0λ1piλ1
2a(−3)
−N1δijλ1∂iN1 ∂jϕ1N0(−2)a(−2). (B.24)
B.5 Galilean and Canonical scalar field
Now we proceed to the action where both canonical part is present in a Galilean fields
model. The action is given by
S =
∫
d4x
√−g
[
1
2κ
R− 1
2
β ∂µϕ∂νϕ− α gµν∂µϕ∂νϕ2ϕ− V (ϕ)
]
=
∫
d4x
√−g
[
1
2κ
R− 1
2
β ∂µϕ∂νϕ− α gµν∂µϕ∂νϕS − V (ϕ)
]
+
∫
d4xλ (S −2ϕ) .(B.25)
=
∫
L d4x (B.26)
Expanding the above action using ADM decomposition, we get
L = Sλ−NV γ 12 + γij∂iλ∂jϕ + λ∂iγij ∂jϕ − λ′ ϕ′N (−2) + 1
2
N (3)Rγ
1
2κ−1 +N iλ′ ∂iϕN (−2) +
N iϕ′ ∂iλN (−2) +
1
2
βN−1γ
1
2ϕ′ 2 + λN ′ ϕ′N (−3) −N iN j∂iλ∂jϕN (−2) −N iλN ′ ∂iϕN (−3) −
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N iλϕ′ ∂iN N (−3) + SαN−1γ
1
2ϕ′ 2 + γijγklλ∂iγjk ∂lϕ − 1
2
γijγklλ∂iγkl ∂jϕ +
1
2
γijλγij
′ ϕ′N (−2) − γijλ∂iN ∂jϕN−1 − 1
2
Nβγij∂iϕ∂jϕγ
1
2 +N iN jλ∂iN ∂jϕN
(−3) −
N iβϕ′ ∂iϕN−1γ
1
2 − 1
2
N iγjkλγjk
′ ∂iϕN (−2) − 1
2
N iγjkλϕ′ ∂iγjkN (−2) −
1
2
KijKklNγijγklγ
1
2κ−1 +
1
2
KijKklNγikγjlγ
1
2κ−1 −NSαγij∂iϕ∂jϕγ 12 +
1
2
N iN jβ∂iϕ∂jϕN
−1γ
1
2 +
1
2
N iN jγklλ∂iγkl ∂jϕN
(−2) − 2N iSα∂0ϕ∂iϕN−1γ 12 +
N iN jSα∂iϕ∂jϕN
−1γ
1
2 (B.27)
Definition of all momenta are same as we derived in the Galilean case except piϕ and
it is given by
piϕ = −λ′N (−2) +N i∂iλN (−2) + βN−1γ 12ϕ′ + λN ′N (−3) −N iλ∂iN N (−3) +
2SαN−1γ
1
2ϕ′ +
1
2
γijλγij
′N (−2) −N iβ∂iϕN−1γ 12 − 1
2
N iγjkλ∂iγjkN
(−2) −
2N iSα∂iϕN
−1γ
1
2 . (B.28)
Then the Dirac-Hamiltonian becomes,
HD = −Sλ+NV γ 12 +N ipiλ∂iλ +N ipiϕ∂iϕ − piλpiϕN2 + piλλ∂iN i + 2γij∂kN i pijk −
γij∂iλ ∂jϕ − λ∂iγij ∂jϕ − 1
2
N (3)Rγ
1
2κ−1 − 1
2
βN3piλ
2γ
1
2 − 3
4
Nκpiλ
2γ−
1
2λ2 −
N ipiλλ∂iN N
−1 +N i∂iγlm pilm −N i∂lγim pilm +N i∂mγil pilm − SαN3piλ2γ 12 −
γijγklλ∂iγjk ∂lϕ +
1
2
γijγklλ∂iγkl ∂jϕ + γ
ijλ∂iN ∂jϕN
−1 +
1
2
Nβγij∂iϕ∂jϕγ
1
2 −
Npiλγijκλpi
ijγ−
1
2 +NSαγij∂iϕ∂jϕγ
1
2 −Nγijγklκpiijpiklγ− 12 ) + 2Nγijγklκpiikpijlγ− 12
+ ξ(piN + λN
−1piλ) (B.29)
B.5.1 Zeroth order
Zeroth order Hamiltonian, in terms of pia, takes the form
HD0 = −S0λ0 +N0V a3 − piλ0piϕ0N02 − 1
2
βN0
3piλ0
2a3 − 3
4
N0κpiλ0
2λ0
2a(−3)
−S0αN03piλ02a3 − 1
2
N0piapiλ0κλ0a
(−2) − 1
12
N0κpia
2a−1 + ξ0
(
piN0 + piλ0λ0N0
−1) .(B.30)
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Zeroth order Hamiltonian constraint or the equation of motion of N0 is given by
V a2 +
1
2
βϕ′0
2 − 3κ−1H2 − 6αH a(−2)ϕ′0 3 = 0. (B.31)
Similarly, equations of motion of a and ϕ0 are given by
6αH ϕ′0
3a(−2) − 6αϕ′′0 ϕ′0 2a−2 + 3κ−1H2 −
6 a′′ a−1κ−1 + 3V a2 − 3
2
βϕ′0
2 = 0, (B.32)
Vϕ a
2 − 6αa′′ ϕ′0 2a(−3) + 6αϕ′0 2H2a(−2) − 12αϕ′0H ϕ′′0 a(−2)
+ 2 βϕ′0H + βϕ
′′
0 = 0. (B.33)
B.5.2 First order
first order Hamilton’s equations are obtained from second order perturbed Hamiltonian
and it is given by
HD2 = −S1λ1 +N1Vϕ a3ϕ1 + 1
2
N0Vϕϕ ϕ1
2a3 +N1
ipiλ0∂iλ1 +N1
ipiϕ0∂iϕ1 −
2N0N1piλ0piϕ1 − 2N0N1piλ1piϕ0 − piλ1piϕ1N02 + piλ1λ0∂iN1i −
δij∂iλ1 ∂jϕ1 a
(−2) − 1
2
βN0
3piλ1
2a3 − 3N1piλ0piλ1βN02a3 − 3
2
N0βN1
2piλ0
2a3 −
3
4
N0κpiλ0
2λ1
2a(−3) − 3N0piλ0piλ1κλ0λ1a(−3) − 3
4
N0κpiλ1
2λ0
2a(−3) −
3
2
N1piλ0piλ1κλ0
2a(−3) −N1ipiλ0λ0∂iN1N0−1 − S0αN03piλ12a3 −
3N0S0αN1
2piλ0
2a3 − 2piλ0piλ1S1αN03a3 − 3N1S1αN02piλ02a3 +
1
2
N0βδ
ij∂iϕ1 ∂jϕ1 a−N0piλ1δijκλ0pi1ija−1 −N1piλ0δijκλ0pi1ija−1 −
N0piλ0δijκλ1pi1
ija−1 −N0piλ1δijκλ1pi0ija−1 −N1piλ0δijκλ1pi0ija−1 −
N0δijδklκpi1
ijpi1
kla− 2N1δijδklκpi0ijpi1kla+ 2N0δijδklκpi1ikpi1jla+
piN1ξ1 −N1piλ0λ0N0(−2)ξ1 + piλ0λ0N0(−3)N12ξ0 + piλ1λ0N0−1ξ1 +
piλ0λ1N0
−1ξ1 −N1piλ0λ1N0(−2)ξ0 + piλ1λ1N0−1ξ0 − piλ0piϕ0N12 +
piλ0λ1∂iN1
i + 2δij∂kN1
i pi1
jka2 − 3
2
N1κλ0λ1piλ0
2a(−3) −
6N1piλ0piλ1S0αN0
2a3 + δijλ0∂iN1 ∂jϕ1N0
−1a(−2) −N1piλ1δijκλ0pi0ija−1 +
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N0S0αδ
ij∂iϕ1 ∂jϕ1 a−N1piλ1λ0N0(−2)ξ0 + 4N1δijδklκpi0ikpi1jla (B.34)
Since we have got the perturbed second order Hamiltonian, we can obtained the field
equations using Hamilton’s equations. First order Momentum constraint or the equa-
tion of motion of N i1 is given by
−6αH ∂iϕ1 ϕ′0 2 + βϕ′0 ∂iϕ1 a2 − 2α∂iφ1 ϕ′0 3 + 2α∂iϕ′1 ϕ′0 2 −
2H ∂iφ1 κ
−1a2 = 0. (B.35)
Similarly, First order Hamiltonian constraint or the equation of motion ofN1 is given
by
24αH φ1ϕ
′
0
3a(−2) − 18αϕ′1H ϕ′0 2a(−2) + Vϕ a2ϕ1 − βφ1ϕ′0 2 +
2αδij∂ijB1 ϕ
′
0
3a−2 + βϕ′0 ϕ
′
1 + 2αδ
ij∂ijϕ1 ϕ
′
0
2a−2
+2 δijH ∂ijB1 κ
−1 + 6φ1κ−1H = 0 (B.36)
and the equation of motion of ϕ1 is given by
−18αφ1ϕ′0 2H2 + 12αϕ′0 ϕ′1H2 + 18αφ′1H ϕ′0 2
+36αϕ′0H ϕ
′′
0 φ1 − 12αϕ′0H ϕ′′1 − 12αϕ′1H ϕ′′0
+18αa′′ φ1ϕ′0
2a−1 − 12αϕ′0 ϕ′1 a′′ a−1 − 2 βϕ′0H φ1a2 − βφ′1 ϕ′0 a2
−βϕ′′0 φ1a2 + 6αδijH ∂ijB1 ϕ′0 2 + 4αδijϕ′0 ϕ′′0 ∂ijB1 + 2 βϕ′1H a2
+βϕ′′1 a
2 + 4αδijϕ′0H ∂ijϕ1 + 4αδ
ijϕ′′0 ∂ijϕ1 + 2αδ
ij∂ijB
′
1 ϕ
′
0
2
+Vϕ φ1a
4 + Vϕϕ a
4ϕ1 − βδijϕ′0 ∂ijB1 a2 + 2αδij∂ijφ1 ϕ′0 2 − βδij∂ijϕ1 a2 = 0. (B.37)
Appendix C
C.1 Inversion formulae of X and piϕ and G(γ, piϕ, Y, ϕ) for
different scalar field models
C.1.1 Canonical scalar field
In case of canonical scalar field, P (X,ϕ) is given by
P (X,ϕ) = −X − V (ϕ).
Hence, using equation (4.13), we get
piϕ =
√
γ
√−2X + Y
⇒ X = 1
2
Y − pi
2
ϕ
2γ
(C.1)
and G(γ, piϕ, Y, ϕ) is given by the relation (4.16)
G(γ, piϕ, Y, ϕ) = −1
2
pi2ϕ
γ
− 1
2
Y − V (ϕ). (C.2)
C.1.2 Tachyonic field
Tachyons are described by
P (X,ϕ) = −V (ϕ)√1 + 2X.
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Similarly, in case of Tachyons, we get
X =
γ V 2 Y − pi2ϕ
2 (pi2ϕ + γ V
2)
(C.3)
G(γ, piϕ, Y, ϕ) = − 1√
γ
√
1 + Y
√
pi2ϕ + γ V
2. (C.4)
C.1.3 DBI field
For DBI field,
P (X,ϕ) = − 1
f(ϕ)
(√
1 + 2 f(ϕ)X − 1
)
− V (ϕ)
which implies that,
X =
γ Y − pi2ϕ
2 (γ + f pi2ϕ)
(C.5)
G(γ, piϕ, Y, ϕ) = − 1
γ f(ϕ)
√
(γ + f(ϕ)Y )
(
f(ϕ) pi2ϕ + γ
)
+
1
f(ϕ)
− V (ϕ) (C.6)
C.2 Langlois’ approach for non-canonical scalar field
Two decades back, Langlois’ obtained a consistent Hamiltonian for canonical scalar
field[62]. In this section, we extend the method to non-canonical scalar fields.
Following [62], expressing background 3-metric γ0ij = e2α, it can be shown that the
first order perturbed Hamiltonian constraint takes the form
HN1 ≡ −e
3α
2κ
[
γik0 γ
jl
0 − γij0 γkl0
]
∂ijγ1kl − κ
3
e−3α piα γ0ij pi
ij
1 −
[ κ
72
e−3α pi2α +
1
2
e3αG
]
γij0 γ1ij − e3αGpiϕ piϕ1 − e3αGϕ ϕ1 = 0, (C.7)
where piα is the momentum corresponding to α. Similarly, first order perturbed Mo-
mentum constraint becomes
H1i ≡ −2 ∂kγ1ij pijk0 − 2 γ0ij ∂kpijk1 + pijk0 ∂iγ1jk + piϕ1 ∂iϕ1 = 0. (C.8)
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In momentum space, equations (C.7) and (C.8) becomes
HN1(k) ≡ −e
3α
2κ
[
γik0 γ
jl
0 − γij0 γkl0
]
kikjγ1kl − κ
3
e−3α piα γ0ij pi
ij
1 −
[ κ
72
e−3α pi2α +
1
2
e3αG
]
γij0 γ1ij − e3αGpiϕ piϕ1 − e3αGϕ ϕ1 = 0 (C.9)
H1i(k) ≡ −2 kk γ1ij pijk0 − 2 γ0ij kk pijk1 + pijk0 ki γ1jk + piϕ1 ki ϕ1 = 0 (C.10)
The scalar configuration variables are
γ1 =
1
3
γij0 γ1ij, γ2 =
1
2
[
3ki kj
k2
γ1ij − γij0 γ1ij
]
, (C.11)
which are associated with their conjugate momenta
pi1 = γ0ij pi
ij
1 , pi
2 =
kikj
k2
piij1 −
1
3
γ0ijpi
ij
1 . (C.12)
Hence the energy constraint (C.9) becomes
E = −
[
1
24
κe−3α pi2α +
3
2
e3αG
]
γ1 − e
3α
κ
k2 γ1 +
e3α
3κ
k2 γ2
−κ
3
e−3α piα pi1 − e3αGpiϕ piϕ1 − e3αGϕ ϕ1 = 0. (C.13)
Momentum constraint contains scalar and vector, both modes. Contracting with ki,
we obtain the scalar part of Momentum constraint
M ≡ 1
6
piα γ1 − 2
9
piα γ2 − 2
3
pi1 − 2pi2 + piα ϕ1 = 0 (C.14)
In case of scalar phase-space, there exist two first class constraints, namely E and M
and
E
(
γα, pi
β =
∂S
∂γβ
)
= 0 (C.15)
M
(
γα, pi
β =
∂S
∂γβ
)
= 0 (C.16)
where S is the quadratic generating function, given by
S =
1
2
Aαβ γα γβ +Bα γα. (C.17)
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α, β = 0, 1, 2, γ0 = ϕ1, pi
0 = piϕ1 and Aαβ are symmetric. Hence, equations (C.15) and
(C.16) become equations for Aαβ and Bα with a polynomial form in γα and lead to the
following four equations for the Energy constraint:
−
[
1
24
κ e−3α pi2α +
3
2
e3αG
]
− e
3α
κ
k2 − e
−3α κ
3
piαA11 − e3αGpiϕ A01 = 0 (C.18)
e3α
3κ
k2 − κ
3
e−3α piϕA12 − e3αGpiϕ A02 = 0 (C.19)
−κ
3
e−3α piαA01 − e−3αGpiϕ A00 − e3αGϕ = 0 (C.20)
−κ
3
e−3α piαB1 − e3αGpiϕ B0 = 0 (C.21)
and for the Momentum constraint
1
6
piα − 2
3
A11 − 2A21 = 0 (C.22)
−2
9
piα − 2
3
A12 − 2A22 = 0 (C.23)
−2
3
A10 − 2A20 + piα = 0 (C.24)
−2
3
B1 − 2B2 = 0 (C.25)
respectively.
The solutions for the Bα form a one-dimensional space and can be written as
B0 = P, B1 = −3
κ
e6α
Gpiϕ
piα
B0, B2 =
e6α
κ
Gpiϕ
piα
B0 (C.26)
where dependence of the Bα on the free parameter P is chosen for later convenience.
Aαβ are undetermined since there are five out of six independent equations and one
is background equation. The additional condition is arbitrary and independent of any
physical change in the system. The quantity P is the momentum in the reduced phase-
space and its conjugate coordinate is given by
Q =
∂S
∂P
= ϕ1 +
e6α
κ
Gpiϕ
piα
(γ2 − 3γ1) (C.27)
which coincides with gauge-invariant Mukhanov’s variable. Other relations between
old and new variables are given as
ϕ1 = Q+ [γ1, γ2], piϕ1 = A00Q+ P + [γ1, γ2] (C.28)
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pi1 = A10Q− 3
κ
e6α
Gpiϕ
piα
P + [γ1, γ2], pi
2 = A20Q+
e6α
κ
Gpiϕ
piα
P + [γ1, γ2] (C.29)
where brackets contain all the terms with γ1 or γ2. These are not written explicitly since
they are ‘pure gauge’ and do not contribute to the ‘true’ dynamics.
The second order expansion of the Energy constraint is given by
HN2 = 2κ√
γ
(
γ0ikγ0jl − 1
2
γ0ijγ0kl
)
piij1 pi
kl
1 −
√
γ
2
Gpiϕpiϕ pi
2
ϕ1
−
√
γ
2
Gϕϕ ϕ
2
1 −
√
γ GY γ
ij
0 ∂iϕ1∂jϕ1 −
√
γ Gϕpiϕ piϕ1 ϕ1 + [γij] (C.30)
where [γij] collectively represents all the terms that involve γ1ij . By choosing N = 1 and
N i = 0 to simplify calculations, the scalar part of the Hamiltonian is easily obtained and
is given by
Hs =
∫
d3k
{
NHN +N iHi
}
=
∫
d3k
{ 2κ√
γ
(
−1
6
pi1
2 − 3
2
pi2
2
)
−
√
γ
2
Gpiϕpiϕ pi
2
ϕ1
−
√
γ
2
Gϕϕ ϕ
2
1 −
√
γ GY k
2ϕ21 −
√
γ Gϕpiϕ piϕ1 ϕ1 + [γ1, γ2]
}
. (C.31)
Hence the gauge-invariant Hamiltonian is given by
HsGI = H
s + {S,H0}Background (C.32)
=
∫
d3k
[
−
√
γ
2
Gpiϕpiϕ P
2 +
{
− κ
3
√
γ
A210 +
3κ√
γ
A220 −
√
γ
2
Gpiϕpiϕ A
2
00
−
√
γ
2
Gϕϕ +
√
γ GY k
2 +
1
2
A˙00 −√γ Gϕpiϕ A00
}
Q2
+
{
2√
γ
e6α
Gpiϕ
piα
A10 +
6√
γ
e6α
Gpiϕ
piα
A20 −√γ Gpiϕpiϕ A00
}
P Q
]
(C.33)
where A˙00 = {A00, H0}Background. If we impose additional condition
2√
γ
e6α
Gpiϕ
piα
A10 +
6√
γ
e6α
Gpiϕ
piα
A20 −√γ Gpiϕpiϕ A00 = 0 (C.34)
in order to cancel cross terms in the above Hamiltonian, we get the following solutions:
A00 =
3Gpiϕ
Gpiϕpiϕ
piϕ0
piα
, A10 = −9
κ
e6α
G2piϕ piϕ0
Gpiϕpiϕ pi
2
α
− 3
κ
e6α
piϕ0
piα
,
164 Appendix C.
A20 =
3
κ
e6α
G2piϕ piϕ0
Gpiϕpiϕ pi
2
α
+
1
κ
e6α
piϕ0
piα
+
1
2
piϕ0. (C.35)
Finally, the Hamiltonian takes the form
HsGI =
∫
d3k
{
−1
2
e3αGpiϕpiϕ P
2 +
1
2
(
X + 2 e3α k2GY
)
Q2
}
, where (C.36)
X ≡ 9 e3α Gpiϕ
2 piϕ0
2
Gpiϕpiϕpiα
2
− 6 e3α Gϕpiϕ Gpiϕ piϕ0
piα
+ A˙00 +
3
2
κ e−3α pi2ϕ0
6 e3α
Gϕ piϕ0
piα
− e3αGϕϕ (C.37)
and the corresponding equation of motion becomes
Q¨− 2 k2 e6αGpiϕpiϕ GY Q+
(
3H − G˙piϕpiϕ
Gpiϕpiϕ
)
Q˙− e3αGpiϕpiϕ X Q = 0. (C.38)
Note that, speed of sound
c2s = 2 e
6αGpiϕpiϕ GY
= 2 a6Gpiϕpiϕ GY . (C.39)
Note that, in Langlois’ approach, the time coordinate represents cosmic time and
hence the sound speed, according to our approach, is given by 2 a4Gpiϕpiϕ GY . The dis-
crepancy arises due to the fact that, in Langlois’ approach, γij∂ij → −k2 (see eqs. (C.30)
and (C.31)), where we have used δij∂ij → −k2. Hence, extra a2 factor appears in Lan-
glois’ approach.
Appendix D
D.1 Non-minimal coupling terms
All possible combinations of contraction between Vector fields and Riemann tensor are
given below:
S1 = D1
∫
d4x
√−g gµνgαβgγδ Rµν ∇αAγ∇βAδ (D.1)
S2 = D2
∫
d4x
√−g gµαgνβgγδ Rµν ∇αAγ∇βAδ (D.2)
S3 = D3
∫
d4x
√−g gµνgαβgγδ Rµν ∇αAβ∇γAδ (D.3)
S4 = D4
∫
d4x
√−g gµνgαδgγβ Rµν ∇αAβ∇γAδ (D.4)
S5 = D5
∫
d4x
√−g gµγgαβgνδ Rµν ∇αAβ∇γAδ (D.5)
S6 = D6
∫
d4x
√−g gµαgνδgγβ Rµν ∇αAβ∇γAδ (D.6)
S7 = D7
∫
d4x
√−g gµαgνβgγζgδη Rαβγδ∇µAν ∇ζAη (D.7)
S8 = D8
∫
d4x
√−g gµαgηβgγζgδν Rαβγδ∇µAν ∇ζAη (D.8)
S9 = D9
∫
d4x
√−g gαβgγδgµν Rαβ Rγδ AµAν (D.9)
S10 = D10
∫
d4x
√−g gαβgγµgδν Rαβ Rγδ AµAν (D.10)
S11 = D11
∫
d4x
√−g gαγgβδgµν Rαβ Rγδ AµAν (D.11)
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S12 = D12
∫
d4x
√−g gαγgβµgδν Rαβ Rγδ AµAν (D.12)
(D.13)
D.2 Details of fixing the coefficients
Evaluating the equations of motion for an arbitrary metric is hard and also non-transparent.
Hence, to calculate equations of motion and thus to fix the coefficients, we consider FRW
background
ds2 = −N2dη2 + a2dx2
where N(η) is the Lapse function. The action becomes
LSV = 4 δijAi∂00Aj N (−4)a′2a(−4) − 2 δijAiAjδijN (−4)a′4a(−6) − 4 δijAiAja′′N (−4)a′2a(−5) −
8 δijAi∂0Aj N
′N (−5)a′2a(−4) + 4 δijAiAjN ′N (−5)a′3a(−5) − 4 δij∂0Ai a′ ∂00Aj N (−4)a(−3) +
4 δijAi∂0Aj a
′ a′′N (−4)a(−4) + 2 δij∂0Ai ∂0Aj N (−4)a′2a(−4) + 4 δij∂0Ai ∂0Aj N ′ a′N (−5)a(−3) +
8 δijAiN
′ ∂jA0N (−5)a′2a(−4) − 4 δijAia′ ∂jA0 a′′N (−4)a(−4) − 4 δij∂0Ai ∂jA0N (−4)a′2a(−4) −
8 δij∂0AiN
′ a′ ∂jA0N (−5)a(−3) + 4 δijN ′ a′ ∂iA0 ∂jA0N (−5)a(−3) − 2 δijδkl∂0iAk ∂0jAlN (−2)a(−4) +
4A0δ
ijN ′ a′ ∂0iAj N (−5)a(−3) − 4A0δija′′ ∂0iAj N (−4)a(−3) + 6 δijδkla′ ∂iAk ∂0jAlN (−2)a(−5) +
6A0
2N (−8)N ′2a′2a(−2) − 12N ′ a′ a′′A02N (−7)a(−2) + 6A02N (−6)a′′2a(−2) −
6 δijδkl∂iAk ∂jAlN
(−2)a′2a(−6) − 4 δijAi∂0jA0N (−4)a′2a(−4) − 4 δija′ ∂iA0 ∂0jA0N (−4)a(−3) +
2 δij∂iA0 ∂jA0N
(−4)a′2a(−4) + 4 δij∂0Ai a′ ∂0jA0N (−4)a(−3) − δijδkl∂ikA0 ∂jlA0N (−2)a(−4) −
4A0δ
ijN ′ a′ ∂ijA0N (−5)a(−3) + 6 δijδkl∂iAk ∂lAj N (−2)a′2a(−6) + δijδklδmn∂ikAm ∂jlAn a(−6) −
2Ajδkl∂klAj N
(−2)a′2a(−6) + 2 δijAiδkl∂jkAlN (−2)a′2a(−6) + δijδkl∂0iAj ∂0kAlN (−2)a(−4) +
2 δijδkl∂0iA0 ∂jkAlN
(−2)a(−4) − 2 δijδklN ′ ∂iA0 ∂jkAlN (−3)a(−4) − δijδklδmn∂ikAj ∂lmAn a(−6) −
2 δijδkl∂0iAj ∂klA0N
(−2)a(−4) + 4A0δija′′ ∂ijA0N (−4)a(−3) + 4 δija′ ∂iA0 ∂00Aj N (−4)a(−3) −
2 δijδkl∂0iA0 ∂klAj N
(−2)a(−4) + 2 δijδklN ′ ∂iA0 ∂klAj N (−3)a(−4) − 2 δijδkl∂00Ai ∂jkAlN (−2)a(−4) +
2 δijAiδ
kla′′ ∂jkAlN (−2)a(−5) + 2 δijδkl∂0AiN ′ ∂jkAlN (−3)a(−4) − 2 δijδklAiN ′ a′ ∂jkAlN (−3)a(−5) +
2 δijδklδmn∂ijAk ∂lmAn a
(−6) + 2 δijδkl∂0iAk ∂jlA0N (−2)a(−4) − 6 δijδkla′ ∂iAk ∂0lAj N (−2)a(−5) +
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δijδkl∂0iAk ∂0lAj N
(−2)a(−4) − δijδklδmn∂ikAm ∂jnAl a(−6) + 2 δijδkl∂00Ai ∂klAj N (−2)a(−4) −
2 δijAiδ
kla′′ ∂klAj N (−2)a(−5) − 2 δijδkl∂0AiN ′ ∂klAj N (−3)a(−4) + 2 δijδklAiN ′ a′ ∂klAj N (−3)a(−5) +
δijδkl∂ijA0 ∂klA0N
(−2)a(−4) − δijδklδmn∂ijAk ∂mnAl a(−6) (D.14)
L1 = 6 a′′N (−6)∂0A0 2a−1 − 6N ′ a′N (−7)∂0A0 2a−1 + 6N (−6)∂0A0 2a′2a(−2) −
6 δij∂0Ai ∂0Aj a
′′N (−4)a(−3) + 6 δij∂0Ai ∂0Aj N ′ a′N (−5)a(−3) − 6 δij∂0Ai ∂0Aj N (−4)a′2a(−4) −
6 δij∂iA0 ∂jA0 a
′′N (−4)a(−3) + 6 δijN ′ a′ ∂iA0 ∂jA0N (−5)a(−3) − 6 δij∂iA0 ∂jA0N (−4)a′2a(−4) +
6 δijδkl∂iAk ∂jAl a
′′N (−2)a(−5) − 6 δijδklN ′ a′ ∂iAk ∂jAlN (−3)a(−5) + 6 δijδkl∂iAk ∂jAlN (−2)a′2a(−6) −
12A0∂0A0N
′ a′′N (−7)a−1 + 12A0∂0A0 a′N (−8)N ′2a−1 − 12A0∂0A0N ′N (−7)a′2a(−2) +
6 δjiAj∂0Ai a
′ a′′N (−4)a(−4) − 6 δjiAj∂0AiN ′N (−5)a′2a(−4) + 6 δjiAj∂0AiN (−4)a′3a(−5) +
6 δjiAja
′ ∂iA0 a′′N (−4)a(−4) − 6AjδjiN ′ ∂iA0N (−5)a′2a(−4) + 6Ajδji∂iA0N (−4)a′3a(−5) −
6A0δ
ija′ ∂iAj a′′N (−4)a(−4) + 6A0δijN ′ ∂iAj N (−5)a′2a(−4) − 6A0δij∂iAj N (−4)a′3a(−5) +
6Aiδ
ij∂0Aj a
′ a′′N (−4)a(−4) − 6Aiδij∂0Aj N ′N (−5)a′2a(−4) + 6Aiδij∂0Aj N (−4)a′3a(−5) +
6 a′′A02N (−8)N ′2a−1 − 6 a′A02N (−9)N ′3a−1 + 6A02N (−8)N ′2a′2a(−2) −
12AiAjδ
jia′′N (−4)a′2a(−5) + 12AiAjδjiN ′N (−5)a′3a(−5) − 12AiAjδjiN (−4)a′4a(−6) +
6Aiδ
ija′ ∂jA0 a′′N (−4)a(−4) − 6AiδijN ′ ∂jA0N (−5)a′2a(−4) + 6Aiδij∂jA0N (−4)a′3a(−5) −
6A0δ
ija′ ∂jAi a′′N (−4)a(−4) + 6A0δijN ′ ∂jAiN (−5)a′2a(−4) − 6A0δij∂jAiN (−4)a′3a(−5) +
18 a′′A02N (−6)a′2a(−3) − 18N ′A02N (−7)a′3a(−3) + 18A02N (−6)a′4a(−4) (D.15)
L2 = 3 a′′N (−6)∂0A0 2a−1 − 3N ′ a′N (−7)∂0A0 2a−1 − 3 δij∂0Ai ∂0Aj a′′N (−4)a(−3) +
3 δij∂0Ai ∂0Aj N
′ a′N (−5)a(−3) + δijN ′ a′ ∂iA0 ∂jA0N (−5)a(−3) − 2 δij∂iA0 ∂jA0N (−4)a′2a(−4) −
δij∂iA0 ∂jA0 a
′′N (−4)a(−3) − δijδklN ′ a′ ∂iAl ∂jAkN (−3)a(−5) + 4 δijδkl∂iAl ∂jAkN (−2)a′2a(−6) +
δijδkl∂iAl ∂jAk a
′′N (−2)a(−5) − 2 δijδkl∂iAk ∂jAlN (−2)a′2a(−6) − 6A0∂0A0N ′ a′′N (−7)a−1 +
6A0∂0A0 a
′N (−8)N ′2a−1 + 3Ajδji∂0Ai a′ a′′N (−4)a(−4) − 3Ajδji∂0AiN ′N (−5)a′2a(−4) −
Ajδ
jiN ′ ∂iA0N (−5)a′2a(−4) + 2Ajδji∂iA0N (−4)a′3a(−5) +Ajδjia′ ∂iA0 a′′N (−4)a(−4) +
A0δ
ijN ′ ∂jAiN (−5)a′2a(−4) − 2A0δij∂jAiN (−4)a′3a(−5) −A0δija′ ∂jAi a′′N (−4)a(−4) −
2A0δ
ij∂iAj N
(−4)a′3a(−5) + 3Aiδij∂0Aj a′ a′′N (−4)a(−4) − 3Aiδij∂0Aj N ′N (−5)a′2a(−4) +
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3 a′′A02N (−8)N ′2a−1 − 3 a′A02N (−9)N ′3a−1 − 3AiAjδjia′′N (−4)a′2a(−5) +
3AiAjδ
jiN ′N (−5)a′3a(−5) −AiδijN ′ ∂jA0N (−5)a′2a(−4) + 2Aiδij∂jA0N (−4)a′3a(−5) +
Aiδ
ija′ ∂jA0 a′′N (−4)a(−4) +AiAjδijN ′N (−5)a′3a(−5) − 4AiAjδijN (−4)a′4a(−6) −
AiAjδ
ija′′N (−4)a′2a(−5) + 2AiAjδjiN (−4)a′4a(−6) +A0δijN ′ ∂iAj N (−5)a′2a(−4) −
A0δ
ija′ ∂iAj a′′N (−4)a(−4) − 3N ′A02N (−7)a′3a(−3) + 6A02N (−6)a′4a(−4) +
3 a′′A02N (−6)a′2a(−3) (D.16)
L3 = 6 a′′N (−6)∂0A0 2a−1 − 6N ′ a′N (−7)∂0A0 2a−1 + 6N (−6)∂0A0 2a′2a(−2) −
12 δij∂0A0 ∂iAj a
′′N (−4)a(−3) + 12 δij∂0A0N ′ a′ ∂iAj N (−5)a(−3) − 12 δij∂0A0 ∂iAj N (−4)a′2a(−4) +
6 δijδkl∂iAj ∂kAl a
′′N (−2)a(−5) − 6 δijδklN ′ a′ ∂iAj ∂kAlN (−3)a(−5) + 6 δijδkl∂iAj ∂kAlN (−2)a′2a(−6) −
12A0∂0A0N
′ a′′N (−7)a−1 + 12A0∂0A0 a′N (−8)N ′2a−1 − 48A0∂0A0N ′N (−7)a′2a(−2) +
12A0δ
ijN ′ ∂iAj a′′N (−5)a(−3) − 12A0δija′ ∂iAj N (−6)N ′2a(−3) + 48A0δijN ′ ∂iAj N (−5)a′2a(−4) +
36A0∂0A0 a
′ a′′N (−6)a(−2) + 36A0∂0A0N (−6)a′3a(−3) − 36A0δija′ ∂iAj a′′N (−4)a(−4) −
36A0δ
ij∂iAj N
(−4)a′3a(−5) + 6 a′′A02N (−8)N ′2a−1 − 6 a′A02N (−9)N ′3a−1 +
42A0
2N (−8)N ′2a′2a(−2) − 36N ′ a′ a′′A02N (−7)a(−2) − 90N ′A02N (−7)a′3a(−3) +
54 a′′A02N (−6)a′2a(−3) + 54A02N (−6)a′4a(−4) (D.17)
L4 = 6 a′′N (−6)∂0A0 2a−1 − 6N ′ a′N (−7)∂0A0 2a−1 + 6N (−6)∂0A0 2a′2a(−2) −
12 δij∂0Aj ∂iA0 a
′′N (−4)a(−3) + 12 δij∂0Aj N ′ a′ ∂iA0N (−5)a(−3) − 12 δij∂0Aj ∂iA0N (−4)a′2a(−4) +
6 δijδkl∂iAl ∂kAj a
′′N (−2)a(−5) − 6 δijδklN ′ a′ ∂iAl ∂kAj N (−3)a(−5) + 6 δijδkl∂iAl ∂kAj N (−2)a′2a(−6) −
12A0∂0A0N
′ a′′N (−7)a−1 + 12A0∂0A0 a′N (−8)N ′2a−1 − 12A0∂0A0N ′N (−7)a′2a(−2) +
6Ajδ
jia′ ∂iA0 a′′N (−4)a(−4) − 6AjδjiN ′ ∂iA0N (−5)a′2a(−4) + 6Ajδji∂iA0N (−4)a′3a(−5) +
6Ajδ
ji∂0Ai a
′ a′′N (−4)a(−4) − 6Ajδji∂0AiN ′N (−5)a′2a(−4) + 6Ajδji∂0AiN (−4)a′3a(−5) −
12A0δ
ija′ ∂iAj a′′N (−4)a(−4) + 12A0δijN ′ ∂iAj N (−5)a′2a(−4) − 12A0δij∂iAj N (−4)a′3a(−5) +
6Aiδ
ija′ ∂jA0 a′′N (−4)a(−4) − 6AiδijN ′ ∂jA0N (−5)a′2a(−4) + 6Aiδij∂jA0N (−4)a′3a(−5) +
6 a′′A02N (−8)N ′2a−1 − 6 a′A02N (−9)N ′3a−1 + 6A02N (−8)N ′2a′2a(−2) −
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6AiAjδ
ija′′N (−4)a′2a(−5) + 6AiAjδijN ′N (−5)a′3a(−5) − 6AiAjδijN (−4)a′4a(−6) +
6Aiδ
ij∂0Aj a
′ a′′N (−4)a(−4) − 6Aiδij∂0Aj N ′N (−5)a′2a(−4) + 6Aiδij∂0Aj N (−4)a′3a(−5) −
6AiAjδ
jia′′N (−4)a′2a(−5) + 6AiAjδjiN ′N (−5)a′3a(−5) − 6AiAjδjiN (−4)a′4a(−6) +
18 a′′A02N (−6)a′2a(−3) − 18N ′A02N (−7)a′3a(−3) + 18A02N (−6)a′4a(−4) (D.18)
L5 = 3 a′′N (−6)∂0A0 2a−1 − 3N ′ a′N (−7)∂0A0 2a−1 + δij∂0A0N ′ a′ ∂jAiN (−5)a(−3) −
4 δij∂0A0 ∂jAiN
(−4)a′2a(−4) − δij∂0A0 ∂jAi a′′N (−4)a(−3) + 2 δij∂0A0 ∂iAj N (−4)a′2a(−4) −
3 δij∂0A0 ∂iAj a
′′N (−4)a(−3) + 3 δij∂0A0N ′ a′ ∂iAj N (−5)a(−3) − δijδklN ′ a′ ∂jAi ∂kAlN (−3)a(−5) +
4 δijδkl∂jAi ∂kAlN
(−2)a′2a(−6) + δijδkl∂jAi ∂kAl a′′N (−2)a(−5) − 2 δijδkl∂iAj ∂kAlN (−2)a′2a(−6) −
6A0∂0A0N
′ a′′N (−7)a−1 + 6A0∂0A0 a′N (−8)N ′2a−1 + 3A0δijN ′ ∂iAj a′′N (−5)a(−3) −
3A0δ
ija′ ∂iAj N (−6)N ′2a(−3) − 12A0∂0A0N ′N (−7)a′2a(−2) + 6A0∂0A0N (−6)a′3a(−3) +
12A0∂0A0 a
′ a′′N (−6)a(−2) +A0δijN ′ ∂iAj N (−5)a′2a(−4) − 3A0δija′ ∂iAj a′′N (−4)a(−4) −
A0δ
ija′ ∂jAiN (−6)N ′2a(−3) + 7A0δijN ′ ∂jAiN (−5)a′2a(−4) +A0δijN ′ ∂jAi a′′N (−5)a(−3) +
3 a′′A02N (−8)N ′2a−1 − 3 a′A02N (−9)N ′3a−1 + 12A02N (−8)N ′2a′2a(−2) −
15N ′A02N (−7)a′3a(−3) − 12N ′ a′ a′′A02N (−7)a(−2) − 12A0δij∂jAiN (−4)a′3a(−5) −
3A0δ
ija′ ∂jAi a′′N (−4)a(−4) + 18A02N (−6)a′4a(−4) + 9 a′′A02N (−6)a′2a(−3) (D.19)
L6 = 3 a′′N (−6)∂0A0 2a−1 − 3N ′ a′N (−7)∂0A0 2a−1 − 3 δij∂0Aj ∂iA0 a′′N (−4)a(−3) +
3 δij∂0Aj N
′ a′ ∂iA0N (−5)a(−3) + δij∂0AiN ′ a′ ∂jA0N (−5)a(−3) − 4 δij∂0Ai ∂jA0N (−4)a′2a(−4) −
δij∂0Ai ∂jA0 a
′′N (−4)a(−3) + 2 δij∂0Aj ∂iA0N (−4)a′2a(−4) − δijδklN ′ a′ ∂jAl ∂kAiN (−3)a(−5) +
4 δijδkl∂jAl ∂kAiN
(−2)a′2a(−6) + δijδkl∂jAl ∂kAi a′′N (−2)a(−5) − 2 δijδkl∂iAl ∂kAj N (−2)a′2a(−6) −
6A0∂0A0N
′ a′′N (−7)a−1 + 6A0∂0A0 a′N (−8)N ′2a−1 −AjδjiN ′ ∂iA0N (−5)a′2a(−4) +
2Ajδ
ji∂iA0N
(−4)a′3a(−5) +Ajδjia′ ∂iA0 a′′N (−4)a(−4) + 3Ajδji∂0Ai a′ a′′N (−4)a(−4) −
3Ajδ
ji∂0AiN
′N (−5)a′2a(−4) +A0δijN ′ ∂iAj N (−5)a′2a(−4) −A0δija′ ∂iAj a′′N (−4)a(−4) +
3Aiδ
ija′ ∂jA0 a′′N (−4)a(−4) − 3AiδijN ′ ∂jA0N (−5)a′2a(−4) + 3 a′′A02N (−8)N ′2a−1 −
3 a′A02N (−9)N ′3a−1 − 4AiAjδija′′N (−4)a′2a(−5) + 4AiAjδijN ′N (−5)a′3a(−5) −
Aiδ
ij∂0Aj N
′N (−5)a′2a(−4) + 2Aiδij∂0Aj N (−4)a′3a(−5) +Aiδij∂0Aj a′ a′′N (−4)a(−4) −
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4AiAjδ
ijN (−4)a′4a(−6) + 2AiAjδjiN (−4)a′4a(−6) +A0δijN ′ ∂jAiN (−5)a′2a(−4) −
4A0δ
ij∂jAiN
(−4)a′3a(−5) −A0δija′ ∂jAi a′′N (−4)a(−4) − 3N ′A02N (−7)a′3a(−3) +
6A0
2N (−6)a′4a(−4) + 3 a′′A02N (−6)a′2a(−3) (D.20)
L7 = −δij∂0AiN ′ a′ ∂jA0N (−5)a(−3) + δij∂0Ai ∂jA0 a′′N (−4)a(−3) + δij∂0Ai ∂0Aj N ′ a′N (−5)a(−3) −
δij∂0Ai ∂0Aj a
′′N (−4)a(−3) + δijN ′ a′ ∂iA0 ∂jA0N (−5)a(−3) − δij∂iA0 ∂jA0 a′′N (−4)a(−3) −
δij∂0Aj N
′ a′ ∂iA0N (−5)a(−3) + δij∂0Aj ∂iA0 a′′N (−4)a(−3) + δijδkl∂kAi ∂lAj N (−2)a′2a(−6) −
δijδkl∂jAl ∂kAiN
(−2)a′2a(−6) (D.21)
L8 = −δij∂0A0N ′ a′ ∂jAiN (−5)a(−3) + δij∂0A0 ∂jAi a′′N (−4)a(−3) + δij∂0Ai ∂0Aj N ′ a′N (−5)a(−3) −
δij∂0Ai ∂0Aj a
′′N (−4)a(−3) + δijN ′ a′ ∂iA0 ∂jA0N (−5)a(−3) − δij∂iA0 ∂jA0 a′′N (−4)a(−3) −
δij∂0A0N
′ a′ ∂iAj N (−5)a(−3) + δij∂0A0 ∂iAj a′′N (−4)a(−3) + δijδkl∂kAj ∂lAiN (−2)a′2a(−6) −
δijδkl∂jAi ∂kAlN
(−2)a′2a(−6) − 3Aiδij∂0Aj N ′N (−5)a′2a(−4) + 2Aiδij∂0Aj a′ a′′N (−4)a(−4) +
Ajδ
ji∂0AiN
′N (−5)a′2a(−4) +A0δija′ ∂iAj N (−6)N ′2a(−3) −A0δijN ′ ∂iAj a′′N (−5)a(−3) −
Ajδ
jiN ′ ∂iA0N (−5)a′2a(−4) +Ajδjia′ ∂iA0 a′′N (−4)a(−4) + 6A0∂0A0N ′N (−7)a′2a(−2) −
6A0∂0A0 a
′ a′′N (−6)a(−2) + 2A0δij∂iAj N (−4)a′3a(−5) +A0δija′ ∂jAiN (−6)N ′2a(−3) −
A0δ
ijN ′ ∂jAi a′′N (−5)a(−3) +AiAjδijN ′N (−5)a′3a(−5) −AiAjδija′′N (−4)a′2a(−5) −
6A0
2N (−8)N ′2a′2a(−2) + 6N ′ a′ a′′A02N (−7)a(−2) −AiδijN ′ ∂jA0N (−5)a′2a(−4) +
Aiδ
ija′ ∂jA0 a′′N (−4)a(−4) +AiAjδjiN ′N (−5)a′3a(−5) −AiAjδjia′′N (−4)a′2a(−5) +
2A0δ
ij∂jAiN
(−4)a′3a(−5) − 6A02N (−6)a′4a(−4) (D.22)
L9 = −36A02N (−6)a′′2a(−2) + 72N ′ a′ a′′A02N (−7)a(−2) − 36A02N (−8)N ′2a′2a(−2) +
36AiAjδ
ijN (−4)a′′2a(−4) − 72AiAjδijN ′ a′ a′′N (−5)a(−4) + 36AiAjδijN (−6)N ′2a′2a(−4) −
72 a′′A02N (−6)a′2a(−3) + 72N ′A02N (−7)a′3a(−3) + 72AiAjδija′′N (−4)a′2a(−5) −
72AiAjδ
ijN ′N (−5)a′3a(−5) − 36A02N (−6)a′4a(−4) + 36AiAjδijN (−4)a′4a(−6) (D.23)
L10 = −18A02N (−6)a′′2a(−2) + 36N ′ a′ a′′A02N (−7)a(−2) − 18A02N (−8)N ′2a′2a(−2) −
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12AiAjδ
ijN ′ a′ a′′N (−5)a(−4) + 18AiAjδija′′N (−4)a′2a(−5) + 6AiAjδijN (−4)a′′2a(−4) +
6AiAjδ
ijN (−6)N ′2a′2a(−4) − 18AiAjδijN ′N (−5)a′3a(−5) − 18 a′′A02N (−6)a′2a(−3) +
18N ′A02N (−7)a′3a(−3) + 12AiAjδijN (−4)a′4a(−6) (D.24)
L11 = −12A02N (−6)a′′2a(−2) + 24N ′ a′ a′′A02N (−7)a(−2) − 12A02N (−8)N ′2a′2a(−2) +
12AiAjδ
ijN (−4)a′′2a(−4) − 24AiAjδijN ′ a′ a′′N (−5)a(−4) + 12AiAjδijN (−6)N ′2a′2a(−4) +
12N ′A02N (−7)a′3a(−3) − 12A02N (−6)a′4a(−4) − 12 a′′A02N (−6)a′2a(−3) −
12AiAjδ
ijN ′N (−5)a′3a(−5) + 12AiAjδijN (−4)a′4a(−6) + 12AiAjδija′′N (−4)a′2a(−5) (D.25)
L12 = −9A02N (−6)a′′2a(−2) + 18N ′ a′ a′′A02N (−7)a(−2) − 9A02N (−8)N ′2a′2a(−2) +
AiAjδ
ijN (−6)N ′2a′2a(−4) − 4AiAjδijN ′N (−5)a′3a(−5) − 2AiAjδijN ′ a′ a′′N (−5)a(−4) +
4AiAjδ
ijN (−4)a′4a(−6) + 4AiAjδija′′N (−4)a′2a(−5) +AiAjδijN (−4)a′′2a(−4) (D.26)
where the action is defined as:
Si = Di
∫
d4x
√−gLi
= Di
∫
d4xN a3 Li (D.27)
Varying these along with (5.3) w.r.t Aµ in the FRW background, and demanding that
the action is gauge-invariant and that the equation of motion only contains derivatives
upto second order, the coefficients Di are given below:
D2 = 2, D4 = −D1 −D3, D6 = −2−D5, D10 = −1
6
,
D7 = −4− 6D1 − 6D3 − 2D5, D8 = 6D3 + 2D5, D12 = 1
D9 =
1
12
− D3
2
− D5
12
, D11 = −1
4
+
3D3
2
+
D5
4
, (D.28)
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Electric part and B.B′ part of the energy density at sound horizon become
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PE = − 24D
pi c7+2βs
G1(β)H4∗
(
k
k∗
)2β+8
, β〈−5
2
, G1(β) = |C1|
2
22β+3 (Γ(β + 5/2))2
− 24D
pi c1−2βs
G2(β)H4∗
(
k
k∗
)2−2β
, β〉 − 5
2
, G2(β) = |C2|
2
2−2β−3 (Γ(−β − 1/2))2 (D.29)
PB.B′ = − 16D
pi c10+2βs
J1(β)H4∗
(
k
k∗
)2β+10
, β〈−5
2
,J1(β) = |C1|
2
22β+4(−β − 5/2) (Γ(β + 5/2))2
− 16D
pi c2−2βs
J2(β)H4∗
(
k
k∗
)2−2β
, β〉 − 5
2
,J2(β) = |C2|
2
2−2β−4(−β − 3/2) (Γ(−β − 3/2))2(D.30)
D.4 Slow-roll inflation and spectrum of the energy densi-
ties
In case of slow-roll inflation, the slow-roll parameters are defined as
1 = − H˙
H2
, where dot used for cosmic time t
n+1 =
˙n
H
, n is natural numbers. (D.31)
In conformal coordinate,
1 − 1 = −H
′
H2 (D.32)
⇒ cs ≡ H
′
H2 = 1− 1 (exact) (D.33)
(D.34)
and
J ′′
J
= H2 (−1 + 221 − 12) (exact) (D.35)
In case of leading order slow-roll approximation with n  1,H = −1+1η , thus
J ′′
J
=
1(2 − 1)
η2
(D.36)
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Hence, the equation for Ak becomes
A′′k +
(
c2sk
2 − 1(2 − 1)
η2
)
Ak = 0 (D.37)
Solution for the above equation using Bunch-Davies vacuum (see section (1.4)) be-
comes
Ak = pi
4
√−ηH1ν (−cskη), ν =
1
2
√
1 + 1(2 − 1) (D.38)
Using the above solution for −kη → 0, at sound horizon, spectral energy density of
the magnetic field becomes
PB = 8D
pi c5s
H4∗
(
k
k∗
)4
(D.39)
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